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In this  p a p e r  we  obtain  e s t i m a t e s  which a r e  o r d e r - e x a c t  fo r  the p ro j ec t i on  and Macphai l  
cons tan t s  of  an  a r b i t r a r y  n - d i m e n s i o n a l  Banach space :  1 ~ X(X) -< ( n ,  1 /n  ~ pl(X) ~< 
1/v~n. 

The  co l l ec t ion  o f  a l l  n - d i m e n s i o n a l  Banach spaces  can  be  m e t r i z e d  with the aid of the B a n a c h - M a z u r  
d i s t ance  (see [i],  p .  216): 

p(X; Y ) = l n d ( X ;  Y), d(X; f)=inf[[TI][IT-l[],  (1) 
T 

w h e r e  T p a s s e s  o v e r  al l  i s o m o r p h i s m s  of  X onto Y. In this way  we obtain a compac t  m e t r i c  space .  We 
wil l  r e f e r  to it a s  a c o m p a c t  Minkovski i  space  and denote it by~ln .  

Le t  Z be any  Banach  space ,  and X a subspace  of  it.  We will  define the re la t ive  p ro j ec t ion  cons tan t  

(Z; Z) = inf Jt P [], 

w h e r e  P p a s s e s  th rough  al l  p ro j ec t ions  of  Z onto Xo We now define the (absolute) p ro j ec t i on  cons tan t  [2}: 

~(X) = sup ~(X; Z), (2) 
z 

w h e r e  Z p a s s e s  th rough  e v e r y  Banach space  conta in ing X as  a subspace .  The u p p e r  bound in (2) is a t ta ined  
if  in the capac i ty  of  Z we subs t i tu te  C(Q), the space  of  all  cont inuous funct ions defined on s o m e  c o m p a c t  
s e t  Q 

~, (X) = )~ (X; C (Q)) (X c C (Q)). (3) 

The  Macphai t  cons tan t  is defined as :  

~tp(Z) = ih~ sup I~c~x~ , (4) 

w h e r e  the lower  bound is taken o v e r  al l  finite subse t s  ~xi~ ~ X, sa t i s fy ing  the condi t ion 

EItx,  II~ = t ( p >  ~). 

The p r o j e c t i o n  cons tan t  has  bound appl ica t ion in the e s t ima t ion  of  c o m p a c t  spaces  of  l a rge  d i m e n -  
s ion in Banach s p a c e s ,  and in the t heo ry  of comple t e ly  continuous o p e r a t o r s  (see [3], p. 206-208 where  
e s sen t i a l  use  is made  of  the e s t ima te  ~(X) ~ n)o The cons tan t  ~p(X) has  a r i s e n  in connect ion  with s tudies  
of  uncondi t ional ly  conve rgen t  s e r i e s .  

The  cons tan t  has  been ca lcu la ted  fo r  c e r t a i n  s p a c e s .  F o r  example ,  

V:~ r (~) -, k = [41, [2], 
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~(l~O)=l, ~,(X)~i(X=i~=l(~ ~)) (see [6], p. ~60), 

n~l (l~)) (") = Z(I~ ), n~(Z,(?) = Z(Z~ ~)) [51. 

In this note we will  p rove  the addi t ional  inequal i t ies  

~< ~ (X ~ ~ ) .  (5) ~ < ~ ( x ) ~ < V ~ ,  -~ . .~ (x ) .<<  V~ 

P r e v i o u s l y ,  the m o r e  inexact  e s t i m a t e s  

we re known. 

Upper  E s t i m a t e  for  ~t(X). Let  U* be the unit  sphe re  of the adjoint  space  X*.  In the space  C(U*) we 
will  examine  the subspace  L(U*) of  a l l  l inea r  homogeneous  funct ions .  Each  such function is given by  the 
f o r m u l a  

F(/) = q; Zo), ItFII = IIZoll q ~ u * ,  xo~X), 

which a l lows the ident i f ica t ion of  L(U*) with X. In a g r e e m e n t  with (3) the n o r m  of  any p ro j ec t ion  o p e r a t o r ,  
t r a n s f o r m i n g  C(U *) into X, is an  u p p e r  bound on Mx)~ Thus ,  the p r o b l e m  reduces  to that  of  se l ec t ing  the 
p r o j e c t i o n  o p e r a t o r  well .  

We will  make use  of  a p ropos i t i on  due to F. John [7]. In a somewha t  modi f ied  f o r m  it s t a t e s  the 
following: 

LEMMA,  Fo r  any  XE ~ n  the re  ex is t s  a l inear  operator ,  T:  X ~ /~n)  having the following p r o p e r t i e s :  
IIT-Itl ~ r e  ex i s t s  a sequence  of e l emen t s  { y r ~  = l~n) and a sequence  {~r Jcs (n -< s --< n(n+l/2)  such 
that  II y r  ]i = [[ T - l y  r [[ = ]IT *Yr It = 1. F o r  any u, v E l~n) we find the ident i ty  

~'~=1 ~ (Y" ~)(~' ~)= (~; ~)' (6) 

f r o m  which we conclude  in p a r t i c u l a r ,  that  ~L,, = n. 

We wil l  define the r e q u i r e d  p r o j e c t o r  by means  of  the fo rmu la  

PF = ~,:==l~rFr(r*gr) T-ly~ ( F ~  C(U*)). (7) 

It  is e a s i l y  shown that this  t r a n s f o r m a t i o n  does  indeed map C(U *) onto L(U *) = X. We will show that  the 
o p e r a t o r  P leaves  each  e l e m e n t  of X invar ian t .  Let  us choose  a function F0(f) = ( f ;  x0) E L(U*) and apply 
the o p e r a t o r  P to it: 

s ~ s 

Applying to PF0 any l inea r  funct ional  ~o E X*, and us ing the re la t ion  (6): 

i .e . ,  P F  = F f o r  e v e r y  F 6 L(U*) .  Thus ,  the o p e r a t o r  P is indeed a p ro j ec t ion  o p e r a t o r  f r o m  C(U*) onto 
X. We can  e s t i m a t e  the n o r m  of  the p r o j e c t o r  P: 

I[ P [t = sup sup [ ~  ~,rF (T*gT) (r-~y~; f)[. 
]F(])]~I [l/l[~<l 
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Since JjT*yrll = 1, we can set  F(T*Yr) = sign (T-lyr;  f ) ;  

In agreement  with (6) 

= !t P tl < 1/~ sup II T ' " I  II = V 'n II T-*II = l/-n- 
f 

Thus, X(X) -< i n  for every  X E~n. As shown by the example of II n), this est imate is close to ideal. 

Upper Est imate for pI(X). As proved in [8], the constants X(X) and pl(X) are  related by means of the 
re  lation 

ng~(X)~(X), 
f r o m  which w e  i m m e d i a t e l y  see  that  pl(X) -<- n-l/2. 

L o w e r  Estimate for pt(X). For  any given a > 0 we will find a set  { x i ~  a ~ X, for which 

~Y II x~ II 8. (8) 

We will represent  the vec tor  xi with respect  to the basis of Auerbach (see [1], p~ 213) : 
n 

J 

A lower est imate is calculated in the right hand side of (8), for the numera tor :  

II~ cx~ ~ a~,esl max max I Z ~ m , I  = max ~ I a~,l. m a x  
i - - j  =i=k  1 i ~/=!l 

An upper es t imate  for the denominator is given by: 

Thus 

~sY~ t~jr 

By vir tue of the a rb i t r a r iness  of e we obtain pl(X) - n - t .  This est imate is exact since pl(/Cn)) = n -1. 
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