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C o n t i n u a t i o n  o f  a L i n e a r  O p e r a t o r  t o  a n  I n v o l u t i o n  O p e r a t o r  
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ABSTRACT. A bounded linear operator A: X --* X in a linear topological space X is called a p-involution 
operator, p >_ 2, if A n ---- I ,  where I is the identity operator. In this paper, we describe linear p-involution 
operators in a linear topological space over the field C and prove that  linear operators can be continued to 
involution operators. 
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The main  goal of this pape r  is to prove that  a linear operator  can be  continued to an involution operator .  
A linear b o u n d e d  opera to r  A: X --* X in a linear topological space X is called a p-involution operator, 

p > 2 ,  if A p -= I ,  where  I is the identity operator;  for p -- 2, A is called an involution. In this 
paper,  consider  only b o u n d e d  linear operators.  The operators  of  the form A -= e2~ki/PI, 0 < k < p -  1, 
provide the simplest  example  of linear p-involution operators  in a linear topological  space X over C.  The 
following s t a t emen t  shows that  the  set of such operators  is essentially exhaus ted  by  the operators  of the 
form A = e2rcki/PI, 0 < k < p -- 1. 

T h e o r e m  1. Suppose that  A : X --~ X is a linear p-invoiution operator in a linear topologicaI space X 
over C.  Let  s = e 2"~i/p . Then there exJst subspaces X1,  X2 , . . .  , Xp C X such that 

1) X = X ~ o X 2 @ . . . O X p ;  

2) A[xk = ~kI[xk , 0 <_ k <_ p - -  1. 

P r o o L  Consider  the  opera tors  

P \j=o / 
l < k < p ;  

here we assume A ~ = I .  Straightforward verification shows that  the Qk are project ions  (that  is, Q~ = Qk). 
We set Xk = Q k ( X ) .  One can easily see that  the Xk have the desired properties.  [] 

Note tha t  for p = 2, this theorem also holds for spaces over the  field IR. 

T h e o r e m  2. Let A: X ~ X be a linear operator in a linear topological space X (over the t~eld 1r 
or C)  and let p > 2. Then there exists a linear topological space Z D X with the projection operator 
P :  Z ---* X ( X  can be complemented to Z )  and a linear p-involution operator B:  Z ~ Z such that  
P B [ x  = A .  

P r o o f .  Let  X2 ,  X3,  . . . ,  Xp be copies of the space X ,  X1 = X ,  and let Uk : X --~ Xk be the canonical 
isometries, U1 --- I [ x .  We form the direct sum Z = X1 OX2 O "  .@Xp. Let Qk: Z --* Xk  be the canonical 
projections.  We define the  opera tors  

V~ ---- U2U~~Q1, V2 = U3U21Q2, . . . ,  Vp_~ -: UpU~-_11Qp_l, Vp -- U~U~lQp, 

v=vl+v~+...+vp. 

Next, we define an opera to r  S :  Z --~ X by setting S -1 = U~_ Q2 + U31Q3 + " "  § u p l Q p  and construct  

the i somorphism T = I + A S .  One can readily see that  T -1 = I - A S .  Finally, we define the  operator  
B :  Z -~ Z wi th  the  required propert ies  by setting B = T V T  -1 (in this case, P = Q1)- [] 
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Let us consider  the  case of a Hilbert  space. It is na tura l  to ask how to choose the best  (wi th  respect 
to the  no rm)  opera to r  B in T h e o r e m  2. The  previous proof  implies the  es t imate  [IB[I _< (1 + [JAil) 2 for 
p = 2. The  following s t a t emen t  shows tha t  this es t imate  can be improved.  

T h e o r e m  3.  For any linear operator A: H --* H in a Hilbert space H (over the t~eld R or C) ,  there 
exists a Hilbert space E D H and a linear involution B : E --~ E such that 

1) PB]H = A,  where  P: E--~ H is the operator of orthogonal projection; 
2) the following estimate holds: 

17'+ 4V~ 
r 2 if IIA[I < x/2; 

IIBII < 

- r  IIAII 2 + ~ + 2v~ if IIAII > x/2. 

We prove this  t h e o r e m  in the  case of an infini te-dimensional  separable Hilbert  space over N ; this  proof, 
however,  r emains  valid in o ther  cases. To prove Theo rem 3, we need  some auxil iary s t a t emen t s .  

We in t roduce  the  following nota t ion:  (x y) is the inner  p roduc t  of e lements  x and  y;  [x3]j= 1 is the 
closed l inear span  of the  vectors  {xj}j% 1 . 

Let A: H --~ H be a l inear opera to r  in a Hilbert  space H ,  and  let {ej}~__ 1 be an o r t h o n o r m a l  basis 
in H ;  we wri te  gj = Ae j .  Let F be a Hilbert  space wi th  an o r thonorma l  basis {fj}~__]. We form the 
Hilbert  space Z = ( H  @ F)2  wi th  the  na tura l  inner  p roduc t  ( ( e i ,  fk) = 0) and  suppose  t h a t  Q:  Z --* H is 
the  na tu ra l  p ro jec t ion  opera tor .  If h E Z ,  then  we somet imes  write  h = (e, f ) ,  hav ing  in m i n d  that  
e E H and f E F .  We set hj = (gj, t f j )  E (H ~ F)2 ,  where t > 0 (later,  we choose an  appropr ia te  t), 
and  write  [hj]j% 1 = Y .  

L e m m a  1.  {hj}j~ is a basis in Y equivalent to the bas i s  {ej}jc~ in H .  

P r o o f .  For  an a rb i t ra ry  sys tem of numbers  {aj}]~ we have 

t 2 a 2 = ~ t 2 a ~  ~ + t2a~ = a j h j  = a j A e j ,  a j t  

j = l  -- j = l  -- -- j = l  

- -  A ajej  + t ~  2 < IIAII 2 2 t2 ~ 2 C~ - aj  _ a1 + a j  - ( I I A l l  2 + t 2 aj. 
" - - j = l  -- j = l  j = l  j = l  j = l  

L e m m a 2 .  For any e E H and h E Y ,  

I(e, h)[ ~< IIAII" Ilell" Ilhll 
r  ~ + t2 

(1) 

P r o o f .  By se t t ing  h -- (g, f )  E (H  @ F)2 ,  g = ~ j = l  ajgj,  we obta in  

I(e, h)[ = I<e, g)l  < Ilell" Ilgll = Ilell" Ilgll" Ilhll 
- Ilhll 

Ilell" ajgjll" Ilhll 

x//IIE %   ig ll + Ej%1 t2~2~j 

< I I A I I - I l e l l  Ilhll [ ]  

- ~ I I A I I  2 + t  2 

OO L e m m a  3.  For  a n y  {aj}j= 1 C ]~ and any h E Y ,  

I ~--~ ajej q_ h > I[~'~d~176 ajejllt 
j = l  - -  " x / [ I d l l  2 Jr t 2 

(2) 
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P r o o f .  For brevity,  we wri te  ~ j = l  ajej = e. Then  it follows f rom (1) tha t  

l ie+ hit 2 = tlel? + ~.(e, h ) +  lthl? = ilei?/tllhllr/ Ilell [k 

[[A[l ) 2  t2 ] [[e[[2t 2 
.v/}lA[[2 + ' t  2 + ][A/[2 + t 2 > - [ ]A][2  + t  2 '  

and  the l e m m a  is the reby  proved.  [] 

L e m m a  4. After the natural renumbering el, hi,  e2, h2, . .. , the set {ej}j~176 U {hj:}~~ forms a basis 
i n Z .  

P r o o L  A s s u m e  tha t  x E Z is a rb i t ra ry  and 

X 

oo oo 

E ajej + E bkfk. 
j = I  k = l  

Then  

X 

j = l  k = l  k = I  --  

ajei - ~ ~ bkg~ 
k = I  

1 oo 

k----1 

Since 
oo 

-E t bkgk E H,  
k = I  

it follows t ha t  there  exist number s  {dj}j~176 such tha t  

t bkgk : d j e j .  
k = l  j m l  

Hence, 

X 

j----1 k----1 

tha t  is, x can be d e c o m p o s e d  wi th  respect  to the elements {ej}~~ O {hk}k~176 , and  the  coefficients in 
this decompos i t ion  axe de t e rmined  uniquely. It remains to prove tha t  there exists a C > 0 such tha t  the 
inequali ty [1, P ropos i t i on  1.a.3] 

,~+m t+, II ~ l bkhk �9 
ajej + Z bkhk >_ C a~e~ + 

k = l  " --  k = l  

is satisfied for any n ,  rn ,  l, and  s E N. Obviously, it suffices to prove this inequal i ty  for 

n l 

j~=l ajej + E bkhk  = 1. 
kml 

For brevity,  we wri te  

e 

n I 

E ajej, h = E bkhk. 
j = l  k = l  

Let ][e + hi[ = 1. T h e n  we have at least one of the cases: 1) [[el[ > 1/2;  2) IIhl[ > 1/2 .  Let us consider 
each of them. 
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1) Ile[[ >__ 1 /2 .  Using (2), we obta in  

,,+m ,+~ i I[Ey+~ajejllt 
j~_ a~el + ~ bkhk > 

,, _ k=~ - x / I I A I F  + t~ 

n > 112j_-  aseJllt > t 
- x / l l A i i  2 + t 2 - 2 x / l l A l l 2  + t  2 

2) Ilhll ~ 1 / 2 .  We have  

l "h"=l b hk I l 

k=l 
= bkgk + t 2 b2k >_ -~. 

"k=l k=l 

Since Ibkll ~ IIAII, the  previous  inequali ty implies 

I l 

k=l 

and  hence,  

Therefore,  

I I 1 Ebi > 
k=~ - 2,/IIAII 2 + t 2 "  

Thus ,  in b o t h  cases we can  take C = t/(2x/llAII 2 + ,2 ). 
P r o o f  o f  T h e o r e m  3. 1) We set E = Z .  

opera to r  B : E ~ E as follows: 

[] 

2 ~ / I I A H 2  + t2 

B y L e m m a 4 ,  we have E = Z = H ~ Y .  We define an 

B ajej + bkhk = 
"= k=l 

o o  

k-.:l  j= l  

Since the  bases  {ej}~~ and  {hk}~=i are equivalent,  the  opera to r  B is well defined. We set P = Q .  For 
an a rb i t ra ry  

o o  

x = E a j e j  E H,  
j=l  

we have 

P B x  = P B  a j e j  -= P a j h j  = P a j g j ,  a j t  

-j=i -j=i - -j=i j=i 

= E ajgj : E a j A e j  = A  ajej = A x ,  
j= l  j=l  

t ha t  is, PB[H = A,  and  s t a t emen t  1) in Theorem 3 is the reby  proved. 
2) Let us e s t ima te  lIB H . Let 

ajej + bkhk = 1. 
k--1 
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Then  it follows f rom (2) tha t  

We have 

Hence, 

Using (3) and (4), we ob ta in  

E 2 IIAII 2 + 
aj = ajej < t2 

j=l  

t 2 b~ <_ ajej + 
j = l  - -  k = l  

co 1 

k = l  

= 1 .  

(3) 

(4) 

)1 ~ a j h j 2  II~_~ I B ajej  + bkhk = bkek + = bkek + ajgj + t 2 a 
- k = l  - j = l  - j= l  j=l 

-< + ~ g i  + t2 as2 < b~, + IIAI[ a + IIAII 2 + t 2 
_ j = l  - j = l  k = l  j=l  

= ~ b 2 + 21IAII~ 
k = l  

o o  

 t4" 
k = l  

1 2[IA[I-,,/IIAI[ 2 + t 2 
-< ? +  t2 

I 2 2 t2 E aj + IIAll 2 aj + IIAll 2 + 
j = l  j = l  

[]AII2(HAH 2 + t 2) t 2. 
+ t 2 + IIA[I 2 + 

Thus,  I[B][ 2 canno t  exceed the  last t e rm  in this chain. We consider the two cases: a) []A[[ _< x/5 and 
b) [[d]l > x/~. 

a) [IA][ _< x/~. We set t = x/~. T h e n  we obta in  

I l B l l < 4 1 + 2 x / 2 + 8 - 1 1 7 + 4 ~ -  2 

b) IIAII > v~. In this  case we set t = 1. Then one readily verify tha t  

~ 4  1 []BII _< [IAII 2 + ~ + 2V"2. 

Theo rem 3 is proved.  [] 
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