CONDITIONS FOR THE CONVEXITY OF THE LIMIT SET OF RIEMANN SUMS
OF A VECTOR-VALUED FUNCTION

V. M. Kadets and M. I. Kadets

Let there be given a bounded function f from the segment [0, 1] into a Banach space
and suppose that I' is a partition of this segment by the points gk and by:

O:d1<b1:d2<b2:,,,<blv::’[,
In each interval (aj, bj) we select a point X . The vector from X that is equal to Equ@%)ﬁﬁ
where A; = b; — a; » is called the Riemann sum ¢; (I', {z;}). corresponding to the given function

f, the given partition I', and the selected set {Xj}. We will say that a partition I is

finer than ¢ if A;<Ce for arbitrary j. A point ¥y <= X is called a limit power of the Rie-
mann sums of £ if for each ¢ > 0 there exist a partition T that is finer than e and a set
of points {xj} such that | o; (I', {z;}) —y | <& Let us denote the set of all limit points of
the Riemann sums of the function f by J (f). If X is the real axis, then 'J (f) is the segment
joining the lower and the upper Riemann integrals of f. As proved in [1], if X is a finite-~
dimensional space or a Hilbert space, then J (f) is a convex set.

The aim of the present article is, in the first place, to extend the result of [1] to
B-convex Banach spaces and, secondly, to give an example of a bounded function g from the
segment [0, 1] into the space 71 such that J (g) is not a convex set.

We will say that a Banach space Y has type p with a constant C if for each set of vec-
£0rs Y1, Yar- . o Yp & Y there exists a set of numbers i, &,,..., §, = +1 such that

D G’ <C3_ iy .

A Banach space is said to be B~convex if it has type p > 1. For example, all spaces Lp for
1l < p < » are B-convex.

THEQREM 1, TLet a Banach space Y have type p > 1 with a constant C. Let a function

[ 10;11—Y be such that [ f(z)] <<k < o for each x in its domain. Then J (f) is a convex
set.

Proof. Let yi and y2 belong to J (f). We prove that (y1-F 12)/2 = J (f). Let there be given
an N > 1. We select partitions I'y and T,, finer than 22N' and point sets {zt} and {z}}, such

that || oy ( Ph (7)) — y [ <2V and | o; (T, {22)) — w2 | << 2V, Let i (1 <j<2¥) denote the part

of the sum o; (Iy, {##}), corresponding to the segments, whose right endpoints are less than
3/2N, and the left endpoints are greater than (j — 1)/2N. Then

” Z:: yi— o (I, {zk}) JJ<2N-19-2'2N= 5%

We introduce vectors yé in the same manner. The following inequality is fulfilled for them:

| ZZ v — 0 (o () | < 5

N
Let {%}% be a set of signs such that

”Z]—l Hyzfjjl Czjzlljyizygf!p<CZJ:ZI(—2NL“)9=?%%.
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Let us construct a partition T3, finer than Z"N, and select points {-75?:}1 such that if &£. = +1,

then the partition I's coincides with Ii and zi coincides with 4, on the segment ((j — 1)/2%;
j2Yy and if §; = —1, then s and {z}} coincide with I, and {z%} respectively on this

segment. Then

”0}(1‘3, {x?c})_"i_‘Zjﬂ (i ‘1’!/2 U 2N + ”Z & - yz ”\_Ilc'v" + (?,&%ﬁ)lm .

Consequently,

3 Y1 1 6 k) c. kP 1/p
"W(Pw{xk})———‘i—u<—27+2—iﬁj—<W> .

The right-hand side of the last inequality converges to zero as N + «, Consequently, (¥; -+
Yo)2 = J (f). Since J (f) is closed, it follows that it is a convex set. The theorem is
proved.

Now, we begin with the construction of a function with nonconvex set of limit points
of the Riemann sums. We fix & = 107%; and introduce in our consideration the function ¥(t),
the distance of t from the nearest integral point, which is defined on the whole axis. We
select two denumerable families of points on the segment [0, 1]: T'==(J " 7% and T?= Uy
T2, where T) = {thy} (=1, 2, 1 <Ak <2" 1is the set of roots of the equation

’11—1\1}'(2"-7,‘)= VH_ Loe

that lie on the segment [0, 1]. Let us observe that the sets TJ are pairwise disjoint.
Let e(l), e(2), . . . denote the unit vectors of the canonical ba81s of the space 7, and
let us define the desired function g(t) from [0, 1] into Z; in the following manner:

6(1) for t%TIU TZ’
e@+[e@ 2k — Y e 2]
2 i=1
g(t) = for t=fy y»
)+ e+ 2k —1)— Y e 2i-1)]

b3
for t= tn, ke

=1

THEOREM 2. J{(g) 1is not a convex set.

Proof, If we take the partition of the segment [0, 1] into 2" equal segments as I' and
the points t}l,k as Xy, then

n

ot n+ 1 : n
og (T {z;}) = -}T ZH (@) + e+ 2j) — Zizl e(@™ + 2i)] =e (2).

Consequently, e(2) & Y (g). Analogously, e(3) & J (g). But, as we now show, [e (2) + ¢ (3)]/2 & J (g).
Indeed, suppose that for a certain partition I' and a certain choice of {z;} we have

oe (@ @) — <EL20 e
Let us represent og (I, {2;})) = Zg (z;) Ay in the form
208 @) Ak + 2, g (@) Ay + Dy g () Ay,

where the first sum is formed from all those terms for which z; & T!, and the second sum is
formed from all those terms for which z, & T% and the sum I3 is formed from all those terms

for which =y £ T {J T2 We get
6(3) Z g (xp) Ay “

S RCET) PNE
Consequently, Z3A, < &%

2
SOV gt
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6(22) ’—Zlg(xk) Akﬂ<82 16(23) _Zzg(xk) Ak“<g.

1
Now, we investigate the sum E] separately. Let us represent Zl in the form 218’(95;.-) Ay -

2 . . .
Zlg () &y -F o+ 2? g (zy) Ays where all the terms for which %, & Tm occur in Z:L . Let the set

of m such that E?A}F#O be denoted by A. Then
“Zlg(xk)ﬁ\k - E;Z) ” —*:”2& Ae(2) —_ + ZMAZ (23) — (2)] Ak“—‘
~lz-Xal Y N we—eena.

x»i

Consequently,

=AY Y e —e@ia]<e (1)

Let B denote the set of those ne= A for which

I3 g (@) — e @] A > e 3 Ay

It follows from the inequality (1) that EneBE?Ak<s. Let C denote the set AN\AB. The fol-

lowing inequalities are fulfilled:

ZnECZTAk>~;——e—ez, 2)
|38 @) —e@IAS<e DA (foran nE0). (3)

Let R, {n) be equal to 2" minus the number of terms in the sum Z7. We will define the func-
tion Ry{(n) only for n = (. The inequality (3) can be rewritten in the following form: For

all ne=C
TR W W5 e

It follows from (4) that for all ne=(C, at least (1 — ¢)-21 elements of Tl "occur" as x, in

the sum Zlg\xk) Ay

Now, let us recall how the set 1’ is constituted. This set consists of 20 points of
the segment [0, 1] such that a point of the set T1 is situated at a distance 4 "?Y2 on the
left and on the right of each point of the form Prion, dle. » each point of the form j/2m*
is squeezed between two points of the set Tlll.

Let ne=7, and m > n. A segment (a; b;) from E;n will be said to be squeezed between
points from }];L, if there exist two points xy and xj in 2? such that z, <o <0y <<2Z; and
lz, — z; “_—2~4—n-82-‘[/2_. The total length of the segments from ZMM'E‘:L that are squeezed be~
tween the points x; from }]:L does not exceed 2".47.g2. Y2 =2T"s2 V2. Therefore, the total
length of all the "'squeezed" segments is less than Enec.?.'"sz V2< 22  Let us combine all

the nonsqueezed segments from Ef for all n into a sum and denote it by 2

i, »» Since the total

length of the segments that belong to Z,ECEY, but do not belong to Eneczl . does not
exceed 252, it follows from (1) that

Diccl Dy, e (0) — e ()] Ay < 1062, (5)
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and it follows from (2) that

/

\

ZnECZI,nAk\ —;—-—a—sz—-%?. (6)

Let C; denote the set of all n & € such that
12, 2 le @) —e@)A] <3, A, 7

In the same way as we have obtained (2) from (1), we get the following inequality from (5)

and (6):
2 Z 1 o o
n=Cr I1,71Aj>—‘2---15"‘3.—5'8'

Let us define R, (n) as 2" minus the number of terms in the sum X, ,. Analyzing the inequal-
ity (7) in the same manner as we have analyzed the inequality (3) earlier, we get

Ry (n) <e-2" (8)

for all n&C;. Let N denote max {n: n < (,}. We prove that the sum 218(2y) A, is practically

equal to the sum i, ng (%) Ay

1
N

'squeezed" segments have been deleted from Y.~ it follows that
R, (N)>2" (1 — 2¢). Hence from (8) we get

Let n < N and ne €;. At least 20 (1 — 2¢) points of Ty are squeezed between the points

from Zl,n. Since all the '

2N Lo 9)

. 2 1 i
We decompose Znecl\‘N,anAj into two sums: ' and 3 . In 2 we combine all the "small'
2
segments (such that Aj<—2_1\11—:_2_> , and in ) we combine the remaining ones (i.e., "large" seg-

ments). From (9) we get
! 5
N S M I
Z ) RECI\{ N} L], 7 oN-2 ™~ 1—2¢ 9gN-2 ™~ €.

Each segment of length Aj from I coversat least Aj.ZN‘i points of T

(10)
Ii]' Therefore, Hy(n) >
—;—Zsz A;. It follows from (8) that ZzAJ-<28. Hence it follows from (10) that VA, + 3

A; <12, Consequently, 2'1 N'Ai>‘%“—308 , il.e., 21 is practically equal to the sum

2

1, N

In the same manner, we can introduce the sums 2, , and in exactly the same manner we
can show that %, is practically equal to the sum X, . Let N > M. In the same manner as
the above arguments, we get

e

oM 9N ndz A, < 12,
A NP a 2 M k<

This is a contradiction. Consequently, le (2) + ¢(3))/2 & J (g). The theorem is proved.
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