SUBSPACES OF 7, WITH STRICTLY CONVEX NORM

M. I. Kadets and V. P. TFonf

In this paper we shall consider the real Banach space cy and its adjoint 7;. We denote
the canonical basis in 7; by {e,}); . Consequently, every element z </, has a unique expansion

Z = Manen |zl = 3 |l a,|. The following remark is due to Lindenstrauss [1]: 1if we take two
elements z ::Epngland y = Nbpe, in L1 such that the quotients ap/bp are everywhere dense

on the real line, then the two-dimensional subspace spanned by x and y is strictly convex.
The goal of this paper is to show that 7; has an infinite~dimensional strictly convex sub-
space which is closed in the weak-star topology. This implies, in particular, that cy has
an infinite~-dimensional smooth quotient space. Moreover, we show that every strictly convex
subspace of 1, has a stronger property of convexity — it 1s an MLUR space.

We introduce some definitions. A Banach space X is called strictly convex if its unit
sphere S(X) contains no line segments. X is called midpoint locally uniformly convex (nota-
tion: X & MLUR) if the conditions lim|lz £ z,| =z}, r = S (X), 3, & X, imply that lim
| z, | = 0. The space X is called locally uniformly convex (notation: X & LUR) if the con-
ditions lim ||z + z, [} = 2, 2, z, & §(X), imply that lim ||z, — 2]} ==0. The property MLUR has
been introduced by Anderson [2]. Concerning its relation to other properties of convexity,
see [3-5]. The notions introduced above can be "localized." A point x on the unit sphere
is called an extremal point (z & ext §(X)) if it is not the midpoint of any line segment lying
entirely on the sphere. The point x is called an MLUR point if the conditions lim|[z = z,]| =1
imply that lim||2,|| = 0. Finally, a Banach space is called smooth if there exists only one
supporting hyperplane at every point of the unit sphere. Concerning other equivalent defini-
tions of the notions introduced above and concerning relations of duality, etc., see [6].

LEMMA. A subspace E of I, is strictly convex if and only if for any pair of linearly

independent elements z, y € E, there exists an index m such that an b, <0, (z = Nmlms Y =

N mem)-
Proof. We must compare the numbers

lz+yl=3lan+bal, lzl=Z]al ly]=2]bal-

It is clear that the inequality [[z + y||<<|lz] + Il ¥l implies that for at least one m we have
Gp by << 0. Conversely, if a,-b,>0 then [z + yl| =2l +ly] for any n.

THEOREM 1. There exists an infinite-dimensional strictly convex subspace of 7; which
is closed in the weak-star topology.

Proof. We index all nonzero rational numbers in such a way that for the sequence {rp}
thus obtained, the series Y2 |r, | = A. converges. We partition the set N of natural num-

bers into an infinite number of disjoint infinite sets Njk (j, k=1, 2, . . .) and define
a surjection F:N-— N so that the restriction of F to each Nyx is a bijection of Njx onto N.
Put

Q-F(m)e

~F(m
U sk = Dmen i @ my Ujk =2mel\'jk 27 )rF('Hl)em- (1)

It 1s easy to see that for any kjk’

12 odnl =3 e 1Al 13 kol = 4 3, 1A .
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Now let
oy + ] .7'-‘11}‘ N (e___i__, j=1,2, ) (2)
g1= E . T TIT L, D 34 - :

It is easy to verify that
suppg; (1 supp gn="~N; n; (<n) (3

where supp x denotes the set of those indices for which the coefficients in the canonical
expansion of x are different from zero. It is also easy to see that

B T .
Zn Apln = Zn Zk:& (2 Qplink + n T k—1 ApikVnk ) -

We estimate the norm of Zangn from below:

“ Z Unfn || == Zn Z:zl “ 2—kanunk + ﬁj_‘?c___j Qp+xVnk

2 Y, (127 | = |- tsvaa]) @1 =04 Y, fanl =5 |anl.

Now we obtain an upper estimate for || Zangn“:

| D ngnl <D nl |l g | <1+ 04) D an | =(4/3) D] an].

— - 0
‘ = Z “2 1a‘nu’nl -+ ’n—a"n+1vn1
n

e
=

Therefore, the sequence {g,};" is equivalent to the natural basis of 7;. Let E be the subspace
spanned by the system {g.,)i- Take two linearly independent vectors z = »@:g, ¥ = Mbig: from E.

By their linear independence, there are two indices p < q for which
apby — agb, 0. (4)

From the expansions of x and y in the canonical basis, we choose those terms whose indices
belong to Np'q_p, According to (2) and (3), these are the elements

~(g-P) 0

a,2 Up, g-p -+ g T—1 pa-p
—(g— 0

by2 @ p)up, et by 7—1 ‘pa-p

or finally, according to (1),

(g~ 0 _F
Z (ap2 @p) 8y — rF(n)) g-Fm,
nENp, gp g

~(g— 0 -
o (B b rew) 27

g—1
By condition (4) and the density of {rpm), n & Np, ,p} on the entire real line, there exists an
index m & Ny, 4p such that

Py P

] 0

<ap2-'(‘1—}7) + a, q——-f rF(m)) . <bp2—(q-p) -+ bq gy rF(m)> < 0.

Consequently, E is strictly convex by Lemma !. Now we show that E is weak-star closed in 71.
The construction of {gn} implies immediately that g, weak-star converges to zero. Consider
the weak-star closed convex hull K of G = {£ gu}1 - Since the extremal points of K must be
among {+g,)} and the weak-star limit points of G (by the Milman 'converse" of the Krein—il-
man theorem (see [7, p. 16])), we must have K = G. Consequently, by Choquet's theorem,

K={chngn= Zlcnl<1]-

Since {gp} is equivalent to the canonical basis of 71, the set K contains a ball of E. Ac-
cording to a corollary to the KreinMilman theorem [8, p. 465, Corollary 8], E is weak-star
closed.

COROLLARY. The space cy contains a subspace H such that the quotient space co/H is
smooth.
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Proof. It is sufficient to take H =FE,, the annihilator of E in cyp. Then {(c/H)* =E
and the smoothness of cg/H follows from the strict convexity of E.

THEOREM 2. Let X be a subspace of 7,. Every extremal point of the unit sphere of X is
an MLUR point of it. In particular, if X is a strictly convex subspace, then X < MLUR.

Proof. Let some point z & ext §(X) be not an MLUR point. This means that in X there
exist sequences {up} and {vp} such that

infllu,—v, | >0, lim[u,|=1lim[v,|=1;
z=Uu,+v,)/2 (n=142,...);
un=2 pgn)eb Un=zqgn)eif $=‘—zai3i-

Since z & ext § (X) it is easy to see that neither {uy} nor {vp} contains norm convergent
subsequences. Using the well-known criterion of compactness in a space with basis, from this
we obtain that there exist a subsequence {n,}ye; of indices and a number § > 0 such that for
all k=1, 2, . .

=) (nk) oo (ny) ;.
zi=k+1 i Pi l> 67 Ei::k-{—l l qi 4 |> 8.
Choose the index k¢ so large that for all k > kg,

D I+ 8/2, [vm I <4+ 8721

This implies

L4 n n 5
Eﬂuém<i~WZAE%M“”<1_w2 (h==ky+1,...). )

On the other hand, for all k=1, 2, . . .,

4 () () i
(1/2) 21':1 l Di 4 qink I 22.5._.:1 I a; l!

and, consequently, lim(i/Z)ZLll p(in") qgnk)lzi, since |z||=1. The last assertion contradicts
3
(5). The theorem is proved.

We also note that no infinite-dimensional subspace X of 71 is locally uniformly convex.
Indeed, X contains an "almost disjoint" normalized sequence {z,}® such that

lim || &y 4=z || =Um (| 21 | 4 [ 2a [) =2,
n n
which contradicts the definition of an LUR space.
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