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R E L A T I O N  B E T W E E N  S O M E  P R O P E R T I E S  

O F  T H E  U N I T  B A L L  O F  A B A N A C H  S P A C E  

M .  I .  K a d e t s  

OF CONVEXITY 

UDC 513.881 

A c c o r d i n g  to a f u n d a m e n t a l  t h e o r e m  of R o s e n t h a l  [1], a B a n a c h  s p a c e  does  not  con ta in  s u b s p a c e s  i s o -  
m o r p h i c  to ll i f  and only i f  e v e r y  s e q u e n c e  of e l e m e n t s  of the  s p a c e  con ta in s  a w e a k  Cauchy  s u b s e q u e n c e .  R o s e n -  
t h a i ' s  t h e o r e m  i m p l i e s  s e v e r a l  t o p o l o g i c a l  l i n e a r  c o n s e q u e n c e s  (see ,  the  s u r v e y ,  [2]). In th is  note we  show tha t  
the  a b s e n c e  of s u b s p a c e s  i s o m o r p h i c  to ll may  m a n i f e s t  i t s e l f  on the  g e o m e t r i c  p r o p e r t i e s  of the  s p a c e  as  w e l l .  

Le t  us r e c a l l  s o m e  d e f i n i t i o n s .  A Banach  s p a c e  X is  s a i d  to  be s t r i c t l y  convex  (in no ta t ion :  X ~ •) i f  i t s  
uni t  s p h e r e  does  not con ta in  s t r a i g h t  l ine  s e g m e n t s .  A B a n a c h  s p a c e  is s a i d t o b e s y m m e t r i c a l l y l o c a l l y u n i f o r m l y  
convex  (in no ta t ion :  x ~ MLUB~ if  the  cond i t i ons  fix 0 I] = 1, lix 0 + Yn li - -  1 as  n - -  ~o i m p l y  tha t  ]ly n li - -  0. A B a n a c h  
s p a c e  i s  s a id  to be  l o c a l l y  u n i f o r m l y  c o n v e x  (in no ta t ion :  x E LUR) i f  the  cond i t i ons  [Ix011 = 1, [ix 0 + yn[[ 

1 and [ix 0 + 1/2Ynil --* 1 a s  n - -  ~o i m p l y  tha t  U Y n l ] -  0. A B a n a c h  s p a c e  h a s  the p r o p e r t y  H (in n o t a -  
w 

tion: X~//) if the conditions ]Ix0[[=l, lix 0 +yn][--I  a n d y n ~ 0  as n -- ~ imply that [[ynl[--0. The property 
MLUR (the least known among those mentioned above) was introduced by Anderson in [3]; here we have given 
an equivalent definition of this property, proposed by Smith and Turett [4]. 

The following implications are known: 

(X ~_ LUB) => (X ~ MLUB) ~ (X ~ B), (X ~ LUR) ~ (X ~ H). (1) 

The following question was raised in [3]: under what conditions on X does the implication 

(x ~/~) and (X ~ H) ~ (X ~ MLUB) (2) 

hold? Smith [5] has constructed an example (a space isomorphic to l 0 for which implication (2) does not hold. 
In [4] it is conjectured that implication (2) holds if X* satisfies the Radon-Nikodym condition. We are now 
going to prove a stronger statement. 

THEOREM 1. Let X not contain subspaces isomorphic to 11. If x ~ R and x ~ H, then X ~ MLUR 

Proof. Let us assume the contrary: x ~ MLUB. Then there exist a normalized element x0 ~ x and a se- 
quence (y~) c x such that 

lim I] Xo + Yn I] - -  [I x0 ]l = 1, bul: [I Yn II ~ 6 > 0.  (3) 
n~c(  

S ince  X does  not  con ta in  s u b s p a c e s  i s o m o r p h i c  to l l ,  w i thou t  lo s s  of g e n e r a l i t y  we m a y  a s s u m e  tha t  (Yn) is  a 
w e a k  Cauchy  s e q u e n c e .  Le t  us f o r m  the  s e q u e n c e  of the  e l e m e n t s  x 0 + 1/2(yp - y q ) ,  w h e r e  p and q i n c r e a s e  un-  
bounded ly .  This  s e q u e n c e  c o n v e r g e s  w e a k l y  to  x 0. Le t  us c o n s i d e r  the t r i a n g l e  i n e q u a l i t y  

1 
+ [ l l  x0 ± Yv II + il x0 ~ yq Ill (4) • o + - ~ -  (~v - yq) 

and p a s s  to  the  l i m i t  p - -  oo and q ~ :% By (3), the  r i g h t - h a n d  s i d e  g ives  {I x 0 Jl. F o r  the  l e f t - h a n d  s i d e  w e  ob ta in  

l ira x o 1 > [I ~o [I, 
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since the sequence yp - yq converges weakly to zero. Comparing the limits of the left and right sides of in- 

equality (4), we obtain 

i = IJ ~0 ]I. lira z o -~-"~- (gv --  gq) 

S i n c e  by the  h y p o t h e s i s  of the  t h e o r e m ,  X has  the  p r o p e r t y  H, we  have  H yp  - yq  [I - -  0, and  c o n v e r s e l y ,  (Yn) 
c o n v e r g e s  s t r o n g l y  to s o m e  e l e m e n t  y ,  Ily II -> 6 > 0. F r o m  the  l i m i t  r e l a t i o n  (3) we  o b t a i n  Ilx 0 • y II = [I x 0 II, 
w h i c h  c o n t r a d i c t s  the  s t r i c t  c o n v e x i t y  of X. We have  a r r i v e d  a t  a c o n t r a d i c t i o n  to one of the  h y p o t h e s e s  of the  
t h e o r e m .  

The  p r e s e n c e  of the  R a d o n - N i k o d y m  p r o p e r t y  in  X* i m p l i e s  the  a b s e n c e ,  in X,  of s u b s p a c e s  i s o m o r p h i c  
to l~; the converse is not true. Therefore, the statement proved above is stronger than the conjecture in [4]. 

Below we shall prove that Theorem 1 cannot be strengthened in the class of separable Banach spaces. 
Fi rs t  of all, we recall an example of Smith [5]. 

Example. Let (en)~ ° be the canonical basis in It. Firs t  let us introduce the equivalent norm 

1 0 

in 11. We denote by E the space 11 equipped with this norm. We shall need it in what follows. The desired norm 

is defined by the equality 

/ 0  ~ a ~, 
(6) 

where (c n) is a fixed numerical sequence, cn > 0, c n --  0. The space 11 equipped with any equivalent norm has 
the property H, since strong convergence coincides with weak convergence in it (the Sehur property). The 
second term in (6) guarantees the strict convexity of the space. On the other hand, it is easy to verify that 

l i ra  [I eo ! % IIx = II eo ]11, IIe I[1 > ] '  (7) 

from which it follows that the space E~ thus constructed is not MLUR. 

LEMMA. Let X be a Banach space and let Y be a subspace of X, isomorphic to It. Moreover, assume that 

in the quotient space X/Y there exists an equivalent norm having the property H. Let us denote by p(x) the 

seminorm induced in X by this equivalent. Then the conditions 

W x~ ~ x0, p (z~) ~ p (~0) (8) 

i m p l y  t h a t  II x n - x 0 II - -  0. 

P r o o f .  Le t  us  d e n o t e  by F : X  ~ X / Y  the  c a n o n i c a l  m a p p i n g  of X onto  X / Y .  In the q u o t i e n t  s p a c e ,  c o n d i -  
t i o n s  (8) i n d u c e  the  r e l a t i o n s  

W 

Fxn ---+ FXo, I[ F% [I ~ II Fro II, (9) 

where It Fx H- p(x) is a norm with the property H, whose existence is ensured by the hypotheses of the lemma. 

From (9) it follows that ]l Fx n - Fx 0 If ~ 0. In X this means that (Xn) gets arbitrarily close to the set x 0 + Y, In 
other words, 

~n=ZO+yn-}-Zn,  where gr imy ,  [IZn[[~0" (10) 

F r o m  (8) and  (10) i t  f o l l ows  tha t  (Yn) c o n v e r g e s  w e a k l y  to  z e r o  and  by the  S c h u r  p r o p e r t y ,  I[ Yn l[ ~ 0. T h e r e f o r e ,  

[Ix n - x 0 II ~ 0. 

THEOREM 2. Let X be a separable Banach space containing a subspace Y isomorphic to 1 I. Then it is 
possible to introduce an equivalent norm in X with respect to which it will become strictly convex, it will have 
the property H but it will not be MLUH. 

Proof. Let T:Y ~ E be an isomorphism of Y onto the space E constructed in the example and let Ir TH < I. 
In X we introduce the equivalent norm 

[]x[]l = inf []]x--~j[t+]ITg[I], t~[lz[J/[tx]11~l[T-l[[. (11) 
y ~  Y 
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Geometrically, this means that the new unit ball is the closed convex hull of the old ball of X and the set T-~(V), 
where V is the unit ball of E. We shall need the following property of the new norm: if z ~ Y then fix I11 = It Tx il. 
Moreover, in X/Y we introduce an equivalent norm with the property H; this is possible in view of the separ- 
ability of X (cf. [6]). The corresponding seminorm in X will be denoted by p(x), as in the [emma. Finally, in X 
we choose a minimal system (Xn)_~ with total conjugate which is an "extension" of the system (r-len)~ (en ~ E 
is from the example and x n = T-ten for n = 0, I,  2 . . . .  ). The existence of such an extension is proved in [7]. 

Now let x ~ x. The expansion of x in the system (Xn) has the form x ~ ~, fn (x) x n . Let us take a sequence of posi- 
- - ¢ ¢  

tive coefficients (cn)_~ with the properties zcn-l]/~ ][2 < ~, c~ --. 0. We define the desired equivalent norm in the 
following way: 

co 

,t = I,i + p  + %, (12) 

The strict convexity of X in this norm is guaranteed by the last term; the presence of the property H is guaran- 
teed by the second term (via the [emma). Finally, the absence of the property MLUR can be established in the 
same way as in the example (here the above-mentioned property of the norm II • I11 is used: II x I11 = II Tx II for all 
x ~ Y). 

It is not c l ea r  how to extend T h e o r e m  2 to nonseparab le  Banach spaces .  
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O P E R A T O R S  I N  C ( 1 ) ,  I N D U C E D  BY S M O O T H  M A P P I N G S  

A.  K.  K i t o v e r  UDC 517.948.35 

The study of spec t r a l  p rope r t i e s  of weighted subst i tut ion ope ra to r s  Tf = M (foq~) is connected with a la rge  
number  of a r ea s  of analys is  and has var ious  appl icat ions (see, e .g. ,  [1] and the l i t e ra tu re  ci ted therein) .  In pa r -  
t i cu la r ,  it has recent ly  been obse rved  by A. B. Antonevich (oral communica t ion  on the s e m i n a r  LOMI) that  the 
descr ip t ion  of s p e c t r a  of inver t ib le  weighted subst i tut ion ope ra to r s  in the space  C (1)[0, 1] enables us to solve 
the p r o b l e m  of exis tence  of smooth  solutions for  some  par t ia l  d i f ferent ia l  equations.  In [2] such a descr ip t ion  is 
c a r r i e d  out in the more  genera l  s i tuat ion where  instead of the in te rva l  [0, 1], an n -d imens iona l  C 0)-manifold  K 
is cons idered .  The s p e c t r u m  p rob lem of an ope ra to r  MT~v in C (i)(K), where  cp is a noninvert ible  smooth  sub-  
s t i tut ion,  is more  complex.  The main tool for  its solution is the genera l iza t ion  of the K a m o w i t z - S c h e i n b e r  
t h e o r e m  [3] to the case  of weighted endomorph i sms  in commuta t ive  s e m i s i m p l e  Banach a lgeb ras ,  which may 
be in te res t ing  in its own right.  

The goal of this note is an exposit ion of the resu l t s  obtained in this d i rec t ion .  Fo r  the brevi ty  of f o rmu la -  
tion of the resu l t s  we a s s u m e  that  all  weighted subst i tut ion ope ra to r s  cons idered  below a re  noninvert ible .  

THEOREM I. Let K be an n-dimensional C (1)-manifold, let q~ be a C (1)-mapping of K into itself and let 
M ~ C (I) (K). Assume that the ~v-periodic points form a set of the first category in K. Then the Fredholm spec- 
trum of the operator T, T = MT~v is a disk with center at zero. 

THEOREM 2. Let the hypotheses of Theorem 1 be satisfied and let h be an isolated point of a(T). 

Then there exists a C-periodic attracting point x of period k such that hk = M(x), . . M(q~k_1(x)). In par- 
ticular, if ~p does not have attracting periodic points, then the spectrum of T coincides with its Fredholm spectrum. 
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