NOTE ON THE GAP BETWEEN SUBSPACES

M. I. Kadets

Let G and H be subspaces of Banach space X. As a measure of their separation from each other the
concept of a gap 6(G, H) (see [1] and [2]) was introduced, and later there were modifications (G, H) (see
[3]) and [; (G, H) (see 4]). In certain circumstances, the latter modification is the most suitable, It is de-
fined by the formula

8(6, H) =max sup (¢ Byl supe (k, Bl L -
where g and h run through the unit balls Bg and By of the corresponding spaces. The gap [; (and also '5)
isa metrlc on the set of all subspaces. If G and H are finite-dimensional and are of different dimensions,

then 6(G, H) = 6(G, H) = 1, All three gaps are equivalent in the sense that they define the same topology
on the set of all subspaces,

In certain cases, smallness of the gap implies isomorphism of the subspaces ([2], Theorem 1.2; [4],
Theorem 4). We will show that in general this is not the case. To be precise, we will construct a Banach
space F, a subspace H C F which is isometric to l,, and a sequence of subspaces Gp < F which are iso-
metric to 1, (pn/’ 2) such that 6(Gp; H) — 0 (although the spaces Ip are not isomorphic to each other).

We f1x p € (1, 2) and define nonlinear operators A and B acting from Z, into Ip and ly» respectively
' +qt=1) if x={xj} €1,, then

Az ={|z, MP.signz), Bz ={ |z, [M%.sign z,}. (2)

These operators effect a homeomorphism between the unit spheres in the spaces I,, lp, and lq. We define
a Banach space F; as the direct product of the spaces Ip and I, using the norm

I, B)[|=supli<e, B>+ <k, | (€€l hEL yEls yE bk y|=1). @)
v

(The symbol {u, v) denotes the value of the linear functional v on an element u.) It is not hard to see that
expression (3) is a norm with respect to which F; is a Banach space, and the subspaces G; and H; consist-
ing of elements of the form (g, 0) and (0, h), respectively, are isometric to Ip and I,.

We estimate the gap between G, and H,. It follows immediately from the definition that
86y, H) < sTp § (4z, 0)— (0, 2) | = sup|(dz, —2)| = sup <Az, Byy — <z, > | (2, yE b, =]yl =1 )
Thus, we need an upper bound for the expression

R =|(Az, By —<z, y>|= IZ | z; PP-signz;- |y, [M-sign y; — zy, [ (5)
i

If we note that it suffices to consider only elements x and y with nonnegative coordinates, we can rewrite
(5) in the form

R=inyi_glzig—'yf| (zi>01 :‘/i>01 9='1‘_-72—)- : (6)
i

From the Lagrange formula and then the Cauchy inequality we obtain
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Zz yi ®emax {zf7Y, yi )|z, — g = Zmax {58 2} 1oy — vyl <
n .

< sZmax{zi, il =y | < e D +4) 1z~ vl <elz+yl - |o—y] < 2e. )
i i

Thus, the gap between G, and H; does not exceed 2¢ = 2(2 —p)p~L. If we take p >4/3, we obtain an example
of two nonisomorphic subspaces for which the gap between them is less than unity.

We now construct the space F. We pick a sequence
t<m<pm<..., limp, =2, (8)

and for each pp we construct, as above, a space Fn and in this space we select subspaces Gp and Hp. We
establish isometries T,: Hn — 7, between the subspaces Hy and the space [,. We form the product E =

{Fy x Fy x }l ; in th1s product we select the subspace E; consisting of sequences h = {hy, hy, . . .} (hy €

Hp © Fn), subJect to the condition ZTphy = 0. We let F = E/ Ey. It is easy to show that F contams isometric
images of the spaces Fp (we denote them by the same symbol Fp) and that all of the subspaces Hy are
"pasted together" in F into one subspace H which is isometric to Iy (cf, [5], the lemma on combining im-
beddings). It is clear that F has the required property, namely, it contains a sequence of mutually noniso-
morphic subspaces Gy which converge in the gap sense to the subspace H.

In addition to estimate (7), we note that in an arbitrary larger space the gap between subspaces G
and H, which are isometric to lp and I, {p < 2), respectively, is bounded from below:

86 1) >4 E3- V. (9)

To see this, we select unit vectors e; and e, in G, In the unit ball of H we pick elements x and y which are
closest to these unit vectors:

Me—al<8@G H), |y—ea|<8@G H), [z]<1, jylst (10)
We estimate |x + yll and lIx—yll:
ez y|>lateal—le—al—ly—el>V2—20(G, 8). (11)
These inequalities together with the parallelogram law give us »
2V 2= 266, M <z 4yl +le—yP=20sP+lyP <4
which implies (9).

The above constructions evidently justify the introduction of the following concepts, Let X and Y be
arbitrary Banach spaces. By the measure of their proximity py(X, Y) (p;(X, Y)) we mean the number

Py (X, Y)=1uf inf 6(UX, VY)  (=0,1),
E U,V

where E runs through all Banach spaces which contain subspaces which are isometric (isomorphic) to X
and Y, and U and V run through all isometric (isomorphic) imbeddings of X and Y into E.

LITERATURE CITED

1. M. G. Krein, M. A, Krasnosel'skii, and D. P. Mil'man, Sb, Trudov In-ta Matem. Akad. Nauk UkrSSR,
No, 11, 97-112 (1948),

I. Ts. Gokhberg and M. G. Krein, Usp. Matem. Nauk, 12, No, 2, 43-118 (1957).

. I. Ts. Gokhberg and A. S. Markus, Usp. Matem, Nauk, 14, No, 5, 135-140 (1959).

V. I. Gurarii, Teor. Funktsii, Funktsion, Analiz i Ikh Prilozhen., No. 1, 194-204 (1965).

V. I, Gurarii, Sibirsk, Matem, Zh., 7, No. 3, 1102-1013 (1966).

w W N

157



