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Let  G and H be Subspaces  of  Banach space  X° As a m e a s u r e  of  the i r  s epa ra t i on  f r o m  each  o the r  the 
concep t  of a gap 0(G, H) (see [1] and [2]) was  in t roduced ,  and l a t e r  t h e r e  w e r e  modi f ica t ions  ~(G, H) (see 
[3]) and 0 (G, H) (see [4]). In c e r t a i n  c i r c u m s t a n c e s ,  the l a t t e r  modi f ica t ion  is the m o s t  sui table .  It  is  d e -  
f ined by  the f o r m u l a  

(G, H) = max {sup p (g, BH); s~p p (h, Ba)}, (1) 
g 

where  g and h run  th rough  the unit  ba l l s  BG and BH of the c o r r e s p o n d i n g  spaces .  The gap 0 (and a l so  ~) 
is a m e t r i c  on the se t  of all  s u b s p a c e s .  If G and H a r e  f i n i t e -d imens iona l  and a r e  of  d i f fe ren t  d imens ions ,  
then 0(G, H) = 0(G, H) = 1. All t h r e e  gaps a r e  equiva len t  in the s e n s e  that  they  define the s a m e  topo logy  
on the se t  of  al l  subspaces .  

In c e r t a i n  c a s e s ,  s m a l l n e s s  of the gap impl ies  i s o m o r p h i s m  of the subspaees  ([2], T h e o r e m  1.2; [4], 
T h e o r e m  4). We will  show that  in ge ne ra l  this  is not  the case .  To be p r e c i s e ,  we will  c o n s t r u c t  a Banach 
space  F, a subspaee  H C F which is i s o m e t r i c  to  12, and a sequence  of  subspaces  Gn C F which a r e  i s o -  
m e t r i c  to zp~ (p,.Z 2) such  that  0(Gn; H) ~ 0 (although the spaces  lp a r e  not  i s o m o r p h i c  to each  other) .  

We fix p E (1, 2) and define non l inea r  o p e r a t o r s  A and B ac t ing  f r o m  12 into lp and lq, r e s p e c t i v e l y  
(p-1 + q-I  = 1): if x = {x'~ E/2, then 

Ax = {, Ix i le/P.sign xi}, Bx = { Ix i [~/q-sign xi}. (2) 

These  o p e r a t o r s  e f fec t  a h o m e o m o r p h i s m  between the uni t  s p h e r e s  in the spaces  12, lp ,  and lq. We define 
a Banach space  F 1 as the d i r e c t  p r o d u c t  of the spaces  lp and 12, us ing  the n o r m  

I1 (g, h) II = sup I <g, By> -t- <h, Y>tl (g ~ lp; h ~ l~, y ~ l~; y E t~; ~ y !] = t). (3) 
Y 

(The symbol  (u, v) denotes  the value  of  the  l i n e a r  funct ional  v on an e l emen t  u.) It is not  h a r d  to see  tha t  
e x p r e s s i o n  (3) is a n o r m  with r e s p e c t  to which F 1 is  a Banach  space ,  and the s u b s p a c e s  G 1 and Ht c o n s i s t -  
ing of  e l ement s  of the f o r m  (g, 0) and (0, h), r e s p e c t i v e l y ,  a r e  i s o m e t r i c  t o / p  and 12. 

We es t ima te  the gap be tween  G 1 and H 1. It fol lows i m m e d i a t e l y  f r o m  the def ini t ion that  

§ (a~, Ht)~<supll(Az, 0)-- (0, x) ll : suplI(Ax , --x) l I =suPl <Ax, By>--(x, y> I (x, y~12, I]x[I---- [[yll = 1). (4) 
~C 2¢, y 

Thus,  we need  an upper  bound fo r  the  e x p r e s s i o n  

| 
i I 

If we note tha t  it suf f ices  to c o n s i d e r  only e l ement s  x and y with nonnegat ive  coord ina te s ,  we can  r e w r i t e  
(5) in the f o r m  

i 

F r o m  the I . agrange  f o r m u l a  and then the Cauchy inequal i ty  we obtain 

(6) 
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R • ~ ,  xiy~-e~ m a x  {x~ -1, y~-l}. I x~ - -  Yi'] = e. E max {x~y~ -e, xi}. ] x t - -  gil < 
i i 

< e~,max {xi, Y i } ' I x i - - Y i [ <  e~,(xi-~-Yi)" [ x i - - Y i ] < e i ] x + Y l l  " []x-- Y]I< 2e' (7) 
t i 

Thus ,  the  gap  b e t w e e n  G 1 and H i does  not  e x c e e d  2e = 2(2 _ p ) p - 1  If we t ake  p > 4 / 3 ,  we ob t a in  an  e x a m p l e  
of two n o n i s o m o r p h i c  s u b s p a c e s  f o r  which  the  gap  b e t w e e n  t h e m  i s  l e s s  than  uni ty .  

We now c o n s t r u c t  the s p a c e  F .  We p i c k  a s e q u e n c e  

i ~ p l < p ~ .  • ~ , l i m p n =  2, (8 )  

and fo r  e ach  Pn we c o n s t r u c t ,  as  above ,  a s p a c e  F n  and in  th i s  s p a c e  we s e l e c t  s u b s p a e e s  Gn and Hn. We 
e s t a b l i s h  i s o m e t r i e s  Tn:  Hn - -  12 b e t w e e n  the  s u b s p a c e s  H n and the  s p a c e  l 2. We f o r m  the  p r o d u c t  E = 
{F 1 x F 2 x . .  "}ll; in  t h i s  p r o d u c t  we s e l e c t  the  s u b s p a c e  E 0 c o n s i s t i n g  of s e q u e n c e s  h = {hi, h 2 . . . .  } (hn e 
Hn C Fn) ,  s u b j e c t  to the  cond i t ion  Z T n h n  = 0. We l e t  F = E / E  0. I t  is  e a s y  to show t h a t  F con ta ins  i s o m e t r i c  
i m a g e s  of the  s p a c e s  F n  (we deno te  t h e m  by the  s a m e  s y m b o l  Fn) and tha t  a l l  of the  s u b s p a c e s  Fin a r e  
" p a s t e d  t o g e t h e r "  in  F into one s u b s p a c e  H which  i s  i s o m e t r i c  to 12 (cf. [5], the  l e m m a  on c o m b i n i n g  i m -  
bedd ings ) .  I t  i s  c l e a r  t ha t  F h a s  the  r e q u i r e d  p r o p e r t y ,  n a m e l y ,  i t  con t a in s  a s e q u e n c e  of m u t u a l l y  n o n i s o -  
m o r p h i c  s u b s p a c e s  Gn wh ich  c o n v e r g e  in the  gap  s e n s e  to  the  s u b s p a c e  H. 

In a d d i t i o n  to  e s t i m a t e  (7), we no te  tha t  in  an a r b i t r a r y  l a r g e r  s p a c e  the  gap  b e t w e e n  s u b s p a c e s  G 
and H, which  a r e  i s o m e t r i c  to lp  and l 2 (p < 2), r e s p e c t i v e l y ,  is  bounded  f r o m  be low:  

1 p - -  
(G, H) >/-~ (~/2 -- ]/'2). (9) 

To see this, we select  unit vectors  e I and e 2 in G. In the unit ball of H we pick elements x and y which are  

closest  to these unit vectors:  

[[ (x - -  ez I1 "% 6 (G, It '), [] y - -  e~ [] < 0 (G, H) ,  II x II ~< ~, t[ Y 11 ~< t. (10) 

We e s t i m a t e  tlx + yH and I I x - y ] l :  

[Ix + y] ]~ I ]e~e2[ l - - l l x - - e , [ j - - [ Jy - - e~[}>~ '~ - -  20(G, H). (11) 

T h e s e  i n e q u a l i t i e s  t o g e t h e r  wi th  the  p a r a l l e l o g r a m  law g ive  us  

2 (~ ~ - ~-6 (c, ~))2 < II x + ~j [l~ + il ~ : -  y II~ = 2 (ll • Ii 2 + II y II ~) < 4, 

which  i m p l i e s  (9). 

The above  c o n s t r u c t i o n s  e v i d e n t l y  j u s t i f y  the  i n t r o d u c t i o n  of the  fo l lowing  c o n c e p t s .  L e t  X and Y be  
a r b i t r a r y  I3anach s p a c e s .  By the  m e a s u r e  of t h e i r  p r o x i m i t y  P0(X, Y) (pl(X, Y)) we m e a n  the  n u m b e r  

p~ (x, Y) = iuf iaf o ( u x ,  vY)  (~ = o, i), 
E U,V 

w h e r e  E r u n s  t h rough  a l l  Banach  s p a c e s  which  c o n t a i n  s u b s p a c e s  which a r e  i s o m e t r i c  ( i s o m o r p h i c )  to X 
and Y, and U and V r u n  t h r o u g h  a l l  i s o m e t r i c  ( i s o m o r p h i c )  i m b e d d i n g s  of  X and Y into E. 
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