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A function x(t) (-  ~o < t < ~o) with values in a Banach space E is said to be (strongly) almost  periodic 
if the set of its t rans la tes  xT(t) = x(t+ T) is relat ively compact in the met r ic  p (x, y) = sup 11 x(t) -y(t)11. 

t 

Many of the resul ts  concerning numerica l  a lmost  periodic functions c a r r y  over to abs t rac t  functions 
[1], [2]. One of the exceptions is the integration theorem or Bohl-Bohr theorem (see [3], p. 29): if the in- 
definite integral  of a numer ica l  a lmost  periodic function is bounded, then it is also an a lmost  periodic func- 
tion. 

We will say that a Banach space E has the Bohl-Bohr property if, for each almost periodic function 
x(t) with values in E, the boundedness of the integral 

t 

x(t) =: I x(q)dn (1) 
o 

implies that it is a lmost  periodic.  

It is well-known that the space c (the space of all convergent numer ica l  sequences) does not have the 
Bohl-Bohr proper ty  [2]. Let us cite an appropriate example:  

t 

The integral of this function X(t) = {sin(t/2n)}~ is bounded but it is not an almost periodic function. It is 
obvious that any space that contains a subspace isomorphic to c does not have the Bohl-Bohr property. In 
[2] and [4] the Bohl-Bohr property was established for certain classes of Banach spaces. The following 
theorem, stated in [4] as a conjecture, gives a decisive solution of this problem. 

THEOREM 1. A Banach space has the Bohl-Bohr property if and only if it does not contain a sub- 
space isomorphic to the space c. 

Let us note that our proof  does not rely on the Bohi-Bohr theorem so that the lat ter  turns out to be a 
coro l la ry  to Theorem 1. 

In connection with Theorem 1 there a r i ses  the question as to the res t r ic t ions  that must  be imposed 
on the integral  X(t} in an a rb i t r a ry  Banach space for it to be an a lmost  periodic function. It is a l ready 
known [1] that for this it is sufficient to require that the set of values of X(t) be s t rongly relat ively compact.  
We somewhat strengthen this asser t ion.  

THEOREM 2. If x(t) is an almost  periodic function and the set of values of the integral  is weakly re l -  
atively compact,  then the integral  X(t) is an almost  periodic function. 

Here we give a s impler  proof than the one outlined in [4]. 

Kharkov Institute for Municipal Building Engineers.  Translated from Funktsional 'nyi  Analiz i Ego 
Prilozheniya,  Vol. 3, No. 3, pp. 71-74, July-September ,  1969. Original ar t ic le  submitted February  27,1969. 

i ©1970 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York~ I 
I N.Y .  I0011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without [ 
I permission of the publisher. A copy of this article is available from the publisher for $15.00. I 
I I 

228 



We m a k e  an obvious  r e m a r k  in o r d e r  to  f a c i l i t a t e  l a t e r  a r g u m e n t s .  Let  M and N be m e t r i c  s p a c e s  
and l e t  M 1 be a dense  s u b s e t  of M. Next l e t  f be a m a p p i n g  of M 1 in to  N° F o r  e a c h  a E M we can  def ine  the 
o s c i l l a t i o n  of the funct ion  f :  

ose (f, a, e) := sup p (f (a'), f (a")), 

w h e r e  the u p p e r  bound  is  t aken  o v e r  a l l  ' a "  a , E M l such  tha t  P (a i ,  a) < e. Thus  we can s p e a k  of the c o n t i n u -  
i t y  (or  d i scon t inu i ty )  of  the func t ion  a t  the po in t  a a l though  the funct ion  i s  not  de f ined  at  th i s  po in t .  

L e t  x(t) be an  a l m o s t  p e r i o d i c  funct ion wi th  v a l u e s  in E.  We can  use  th i s  funct ion  to i n t r o d u c e  a new 
m e t r i c  p ( t ' ,  t") = sup  IJ x(t  + t ' )  - x ( t  + t" )  ] on the r e a l  a x i s ;  wi th  th i s  m e t r i c ,  the  a x i s  b e c o m e s  a m e t r i c  

t 
s p a c e  J whose  c o m p l e t i o n  K is  c o m p a c t .  

It i s  w e l l  known that  e ach  funct ion  ( n u m e r i c a l  o r  a b s t r a c t )  def ined  on J and con t inuous  a t  e a c h  po in t  
of K i s  a l m o s t  p e r i o d i c  i f  we r e g a r d  i t  a s  a funct ion  de f ined  on the a x i s .  

We can  r e g a r d  th e i n t e g r a l  (1) of x(t) a s  a funct ion  def ined  on J whose  va lue  l i e s  in E.  

LEMMA 1. If the i n t e g r a l  X(t) i s  con t inuous  at  s o m e  poin t , t0  of the c o m p a c t  s p a c e  K then i t  i s  con t i n -  
uous  a t  e a c h  po in t  of K. 

P r o o f .  Given  an a r b i t r a r y  e > 0 we def ine  a n e i g h b o r h o o d  of the po in t  >t o in which  the o s c i l l a t i o n  of  

X(t) i s  l e s s  than £ /4 ;  le t  5 denote  the r a d i u s  of th is  ne ighbo rhood .  We s e l e c t  a s e q u e n c e  I~(n) ~[+~ r e l a t i v e -  t "  J - c ~ ,  

ly dense  on the a x i s ,  such  tha t  p(t(n) ,  >t0) < 5 / 2 ,  0 < t (n+0 - t  (n) <l = l(b). The e x i s t e n c e  of suc.h a s e q u e n c e  
is  g u a r a n t e e d  b y  the a l m o s t  p e r i o d i c  c h a r a c t e r  of x( t ) .  Le t  t o be an  a r b i t r a r y  po in t  of J .  We a r e  go ing  to  
show that ,  in the n e i g h b o r h o o d  of t o wi th  r a d i u s  51 = m i n  { 5 / 2 ;  ~ / 4 l } ,  the o s c i l l a t i o n  of the funct ion  X(t) i s  

l e s s  than £. In o u r  s e l e c t e d  s e q u e n c e  we take  a po in t  t(m) fo r  which  t (m) _< t o < t (m+0 .  We c o n s i d e r  the 
i den t i t y  

t. 
X(t)--X(to)  : :  {X(t (') ÷T)--X(t(">)}-÷ :1" [x(q + T) - -x (q ) ldq ,  

t(rn) 

w h e r e  t is  an a r b i t r a r y  po in t  of the 5 r n e i g h b o r h o o d  of  t o and 7 = t - t  0. The n o r m  of the e x p r e s s i o n  in 

b r a c k e t s  does  not  e x c e e d  ~ /4  b e c a u s e  the  po in t s  t (m) + ~ and t(m) l ie  in the 5 - n e i g h b o r h o o d  of  ¢~0: 

p (t ('~, Uo) < 5 /2 , ,  O (t (m) + T, ×0) < P (to",) + x, to">) -r- 9 (t ("), ×o) = P (t -r- ~, t) -- 9 (t ~'), Xo) ~ 6/2 + 6, ,g  6. 

We a r e  go ing  to e s t i m a t e  the n o r m  of the s e c o n d  t e r m :  

!~ to t . , i x  (,1 ÷ T) - x (,01 dq ! < (to - t ('=)) It x ( n "  r) - x (q)li < t .  (~, 0) < ts, ~< ~/4.  s~p p 

t ) 
Thus ,  ]1X(t) - X ( t  0) ]] < ~ /2 ,  and so  the o s c i l l a t i o n  of X(t) i s  l e s s  than  ¢. Since  61 does  not  depend  on the 
cho ice  of to fi J ,  X(t) i s  u n i f o r m l y  cont inuous  on J ,  and so  on K. 

LEMMA 2. If  in the  B a n a c h  s p a c e  E t h e r e  is  a n o n c o n v e r g e n t  s e r i e s  ~, Xk, a l l  the P a r t i a l  s u m s  of 

which  a r e  bounded  

(3} 

then E con ta in s  a s u b s p a c e  i s o m o r p h i c  to c.  

Th i s  r e s u l t  i s  due to A.  P e l c z y n s k i  [5] ( see  a l s o  [6]). 

LEMMA 3. If  a funct ion F(s)  wi th  va lue s  in a Banach  s p a c e  is  w e a k l y  con t inuous  on s o m e  c o m p a c t  S, 
then  on S t h e r e  is  a t  l e a s t  one po in t  w h e r e  F(s)  i s  s t r o n g l y  con t inuous .  

Th i s  r e s u l t  i s  due to I. M. G e l ' l a n d  [7]. 

P r o o f  of T h e o r e m  1. Le t  us  a s s u m e  that  the i n t e g r a l  X(t) i s  not  a n  a l m o s t  p e r i o d i c  funct ion  but  that  
II x( t )  II -< G < ~ .  By L e m m a  1 the funct ion  X(t) i s  d i s c on t i nuous  a t  the z e r o  of the s e t  J .  We f o r m  a s e -  
quence  {tn} ~o c J such  tha t  
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n - - I  

Ilx(t~)/l>a>O, o(t,,o)~, lt~l<2 -'~. 
k = t  

Let  "rk = tnk  (k = 1, 2 . . . . .  m) be  a r b i t r a r y  t e r m s  of the sequence {tn}. We consider  the identity 

(4) 

X "~,~ - -  .X(1:k)= [x(q--~-T2)--x(q)ld q ~- 
l O 

"rtq-'~, "~-I-.., + zm-- t  

I Ix(q/%)--xOq)ldq-:-. . . . ' -  I [x03 ~- g.,)--x(q)ldq,  
o o 

(5) 

which, as well as the identity (3), follows di rec t ly  f rom (1). By (4) and (5) we obtain that ~ X ( ~ ) [  - G + 1 

< ~. Thus,  the vec to r s  X(tn) (n = 1, 2 . . . .  ) fo rm a divergent  s e r i e s  whose par t ia l  sums  a re  bounded. Hence,  
by L e m m a  2, E contains a subspace  i somorphic  to c. Example (2) given above tes t i f ies  to the validity of 
the second par t  of the theo rem.  

Proof  of Theorem 2. Suppose that x(t) is an a lmos t  per iodic  function and that the se t  of va lues  of 
X(t) is weakly compact  (and hence is bounded). We take an a r b i t r a r y  l inear  functional f E  E* and apply it 
to x(t) and to X(t): 

t t t 

The function ¢(t) = ( f ,  x(t)) is a lmos t  per iodic  and 

I~(t ' )--<P(t")l< [[f[I" I[x(t')--x(t")ll" (6) 

By the Bohl-Bohr  theorem ~(t) is an a lmos t  per iodic  function. It follows f rom (6) that it is un i formly  con- 
tinuous on J .  In other  words ,  the function X(t) is weakly uniformly continuous on J .  Because the se t  of 
values  of X(t) is weakly compact  we can extend the definition of this function to K as the weakly continuous 
function X(u) = c0-11mX(tn) (P(tn; ~) - -  0), where "co-lim" denotes the weak l imit .  According to L e m m a  3, 

n - . . ~  c o  

X(u)  has at leas t  one point of s t rong continuity and, consequently,  by L e m m a  1, it is s t rongly  continuous on 
K. This in turn means  that X(t) is a lmos t  per iodic .  
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