
P R O O F  O F  T H E  T O P O L O G I C A L  E Q U I V A L E N C E  

I N F I N I T E - D I M E N S I O N A L  B A N A C H  S P A C E S  

M.  I .  K a d e t s  

OF ALL SEPARABLE 

In 1928, Fr~che t  [1] r a i s e d  the question: a re  all  separab le  inf in i te-dimensional  Banach spaces  ho-  
m e o m o r p h i c ?  In 1929, S. Mazur [2] p roved  that all  spaces  Lp and lp  (1 -< p< ~o) a re  homeomorphic .  This 
was h i s to r i ca l ly  the f i r s t  example  of not i somorphic ,  but homeomorphic ,  Banach spaces .  In 1933, S. Kacz-  
m a r z  genera l ized  Mazur ts  r e su l t  to Orl ich space  [3]. Banach [4] r epea ted  F r ~ c h e t ' s  question, and con-  
cen t ra ted  on ce r t a in  par. t icular c a se s  of this p rob lem.  F r o m  1932 until 1953, only one paper  [5] re la ted  
to the Fr~che t -Banach  p rob lem was published.  

F r o m  1953 to 1960, the author of the p r e sen t  paper  published a number  of notes [6-11], in which the 
h o m e o m o r p h i s m  of c e r t a i n  sepa rab le  B - s p a c e s  was es tabl i shed.  The r e s u l t  of [9] - the h o m e o m o r p h i s m  
of all  separab le  conjugate B - s p a c e s  - was s imul taneous ly  obtained by Klee [12]. The r e su l t s  of [6-9, 11 
and 12] were  es tab l i shed  via  two methods,  which we can cal l :  the method of equivalent  n o r m s  and the 
method of coord ina tes .  In 1960, Bessaga  and Pe lczynski  [13] p roved  the following theo rem:  

If  an inf in i te-dimensional  sepa rab le  B - space  contains a subspace  homeomorphic  to l~, or  al lows a 
l inear  continuous mapping onto a space homeomorphic  to l 2, then X is  homeomorphtc  to 12. 

The method used by B es s aga  and Pe lczynsk i  is  due to Borsuk  [14] and may  be cal led the method of 
expans ion .  

The p re sen t  pape r  is  devoted to the detai led proof  of a t heo rem which supplies a posi t ive answer  to 
the F r6che t -Banach  prob lem:  

THEOREM. All separab le  inf in i te-dimensional  Banach spaces  a r e  topologically equivalent.  

For  the p roof  of the theorem,  all the methods of proof  jus t  c i ted will be util ized. 

In shor tened fo rm,  this proof  was published in [15], and was p re sen ted  at  the Internat ional  Congress  
of Mathemat ic ians  at Moscow. 

We shall  not touch here  on the b roade r  p rob l ems  of topological  c lass i f ica t ion  of F - s p a c e s  and the i r  
subse ts .  The bas ic  r e s u l t s  and the open quest ions re la t ing  to these p r o b l e m s  were  included in a synoptic 
paper  of Bessaga  [16] (cf., a lso,  the a b s t r a c t s  of the papers  of Bessaga ,  Pe lczynsk i ,  and Klee, and the paper  
of Anderson a t  the Congress) .  

§ 1.  E Q U I V A L E N T  N O R M S  

Let  X be a r ea l  B - s pace  with bas i s  {ek}~°; we denote by ~fk}~ ° a s y s t e m  of l inear  functionals con-  
jugate to the bas i s .  Thus,  each e lement  x E X is r e p r e s e n t e d  in the fo rm 

co 

= ~ f~(,) e~. 

We introduce the fur ther  notation: 

n co 

Sn(x) = ~_j [~(x)ek; R n  X = ~ [k(x)ek. 
k ~ l  k = n + l  

While denoting the or iginal  norm of space X by II • [[0, we introduce the equivalent  norm:  

Kharkov Insti tute for  Public Construct ion Engineering.  Trans la ted  f r o m  FunktsionaUnyi 
Analiz i Ego Pr i lozheniya ,  Vol. 1, No. 1, pp. 61-70. Original  a r t i c le  submit ted October  9, 1966. 
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I lx t l ,=sup  ~ f,(x) ek • 
m , n  m + t  0 

As  is  eas i ly  ver i f i ed ,  the n o r m  [[ - []1 p o s s e s s e s  the fol lowing monotonic i ty  p r o p e r t y :  fo r  all  m, n (1 -< m < n -  oo) 

and for  al l  coe f f i c i en t s  X k, 

n+x 

We in t roduce  the fol lowing equivalent  n o r m  b y :  

This n o r m  r e t a i n s  p r o p e r t y  (1). 
x v a n d x  

2,3 

II x Ih = ~, 2 - "  II R,,x Ih. (2) 
n ~ o  

We now prove  that,  in addit ion,  i t  s a t i s f i e s  the condi t ions :  if fo r  some  

l im f,., (x,:) = f,, (x) (n = 1, 2 . . . .  ), (3) 
v . . -~oo  

then 

lim I] x,, II, > [I x Ih; 

and if, in addit ion to (3), the re  holds the following condi t ion 

[im llx-,,ll, = I lx l l , ,  

then 

(4) 

(5) 

lim II xv - - x  Ilz =0.  (6) 
y.-.*-r.Z3 

In o the r  words ,  the unit  sol id sphere  U {11 x 112-~ 1} is c lo sed  with r e s p e c t  to c oo rd ina t e wi se  conve rgence ,  
while on the unit  s p h e r i c a l  s u r f a c e s  S {tl x U2 = 1}, coord ina tewise  c o n v e r g e n c e  co inc ides  with s t rong  c o n -  

v e r g e n c e .  

LEMMA 1. It  fol lows f r o m  condi t ions  (3) that  

P roof .  

l im ~1R,,x,, I1, > II R,,x ~lt (n = 0 ,  1, 2 . . . .  ). (7) 
v .-,-c.o 

(8) 

We fix n, and take s o m e  a r b i t r a r y  e > 0. We choose  m so l a rge  that  

£ 

II R . x -  smR.x II, < i "  

F u r t h e r ,  we choose  v 0 such that,  fo r  all  v _> v0, 

We thus find f r o m  (8 )and  (9) that  

II S,.R.x~ - -  S.,R.x Ih < 2 "  (9) 

II R . x - -  S.l~.x~ II, < 8 

54 



which means  

II R.x  I1~ - ~ < 11 s.j~.x~ Ih < II R.x~ Ih, 

and this  p roves  the l e m m a .  

P r o p e r t y  (4) fol lows f r o m  (2) and (7). 
enta i l  the fol lowing s y s t e m  of  equa t ions :  

lim II R,x+ Ih = [I R,~ ll~ (,+ = o ,  1, 2 . . . .  ). 
' v  -*+oo 

LEMMA 2. The se t  {xv}, sub jec t  to condi t ion (10), is  c o m p a c t .  

P roof .  Ass ign ing  some  ~ > 0, we define no, and then %, such that  

£ 

II R. .x I h <  ~ ;  II R . . x ~ -  R..x II < T (v > ~,o), 

whence 

Confront ing (2), (5) and (7), we see  that  condi t ions  (3) and (5) 

(10) 

It/~,,oxv II, < ~ (v > ~,o). 

We rep l ace  n o by a l a r g e r  subsc r ip t ,  n 1, such that  the l a s t  inequal i ty  is extended to v < %. In a c c o r d a n c e  
with the monotonoc i ty  condi t ion (1) fo r  the ba s i s ,  we obtain 

II R,,x~. [Ix ~ ~ (v = 1, 2 . . . .  ; n "~ n 1 (e)), 

i .e . ,  the n o r m  of  the r e m a i n d e r  of  the b a s i s  expans ion  tends  to z e r o  as  n - -  oo, un i fo rmly  in v.  The p roof  
is comple t ed  by c i t ing  the c r i t e r i o n  for  c o m p a c t n e s s  in B - s p a c e s  with b a s e s  [17, page 247]. 

C o m p a c t n e s s  of  the sequence  {xv}, in conjuc t ion  with coo rd ina t ewi se  conve rgence ,  enta i l s  s t rong  
c o n v e r g e n c e .  Thus ,  the p r o p e r t i e s  of  n o r m  I1 • 112 a r e  ver i f ied .  This n o r m  was  in t roduced  in [18]. 

F inal ly ,  we c o n s t r u c t  the equivalent  n o r m  I]" [I which will o c c u r  in what  fol lows:  

/ 
l lx, = VllxLl: + (x) ; J ( x ) = V  2-', r'+(+) (11) 

It is  obvious  that  this  n o r m  also  has  p r o p e r t y  (1). We now ve r i fy  that,  for  it, (6) again  fol lows f r o m  (3) 
and (5). Indeed,  le t  (3) hold and 

lim [[x,~ I1 = II x II- (5a) 
~e - - > c o  

It fol lows f r o m  the definit ion of  J(x) tha t  

lira J (x 0 > J (x). (12) 
v ~ o o  

Since, in addition, (4) follows f r o m  (3) then, conf ron t ing  (4), (12), (11) and (5a), we see  that  

lira II x,. II.z =: II x I1~ (5) 

and this means  that,  f r o m  the p r o p e r t i e s  of  n o r m  II. 1[2, (6) holds .  Since the n o r m s  l]" [[ and [[. [[2 a r e  equiv-  
alent,  

lim IIx , . - -xl t  =0. 
v . - ~ o o  
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Defini t ion.  A Banach  s p a c e  is  c a l l ed  loca l ly  un i fo rmly  convex  if, f r o m  the condi t ions  

i t  fo l lows tha t  

I I x , , l l = l l x l l = l .  l iml lx , ,+x l l  = 2  

lira II x~ - x II = 0. 
* ¢ - ~ o 0  

We now p r o v e  tha t  space  X i s  loca l ly  u n i f o r m l y  convex  with r e s p e c t  to the n o r m  of (11). 
dance  with i l l ) ,  we r e w r i t e  condi t ions  (13) in the f o r m  

II x~ 112 + J= (xO = II x I1~, + J~ ix) = 1, 

lim [[[xv -Jr x U~ -i- S'(xv - -  x)l -----4. 
% ' ~ 0 0  

We add the two ev iden t  r e l a t i o n s h i p s :  

J~(xv - - x )  -{-, J2(xv + x) --2 [JZ (x~) + JZ(x)l, 

II x,, + x Ill ~ 2 [11 x II; + II x,, I1~1 

and obta in  

(13) 

In a c c o r -  

(14) 

( 1 5 )  

J '  (x,, - - x )  + Ill x~ + x Ill + :  (x~. + x)l < 2 fll x,. I1~ -+-J-=ix~)] -4-2 [11 x [[~ + :  Ix)]. (16) 

Confront ing  (14), (15) and (16), we obta in  

I t  fo l lows f r o m  (17) that  

lim J (x~, - - x )  =0.  (17) 
V - - ~ O  

lira J(x~) ---- J(x); iim f , ( x~)= fn(x) (n =1,  2 . . . .  ). (18) 

By sc ru t in i z ing  (14) and the f i r s t  of  condi t ions  (18), we see  tha t  

lim IIx~ II = Ilxll ~. (5) 

F o r  [1 • 1[2, f r o m  c o o r d i n a t e w i s e  c o n v e r g e n c e  and c o n v e r g e n c e  of  the n o r m  follow s t rong  c o n v e r g e n c e ,  which 
a l so  p r o v e s  the loca l ly  u n i f o r m  convex i ty  of space  (X, I[ • H). The n o r m  of (11) was  c o n s i d e r e d  in [19]. 
P r o o f  of  the equ iva lence  of all  the n o r m s  c o n s i d e r e d  h e r e  p r e s e n t s  no diff icul ty .  

S u m m a r i z i n g  al l  we have  p roven  in th is  sec t ion ,  we have  

ASSERTION 1. In a Banach  space  with b a s i s  { e k ~  °, t h e r e  ex i s t s  an equ iva len t  n o r m ,  [[" [[, p o s s e s s -  
ing the following p r o p e r t i e s :  

a) the b a s i s  with r e s p e c t  to this  n o r m  i s  o r thogona l :  

II ]1 II (a. 4= 0; n = 1, 2 . . . .  ); 

b) on the unit  s p h e r i c a l  su r f ace ,  coo rd ina t ewi se  c o n v e r g e n c e  co inc ides  with c o n v e r g e n c e  in n o r m ;  

c) the space  is  loca l ly  un i fo rmly  convex .  
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§ 2 .  L O C A L  M O D U L E S  O F  C O N V E X I T Y  

Consider the functional 

where 

0~ (x, ~) ---- (1 9) --' sup IIx--zlI (llxll=l;  0 < ' 5 <  1), 
2 z6.a(x,6) 

G(x,b)={z: I [z l l< l ;  min llkx+(l--)~)zU>l--5 } 
0<~<1 (20) 

For all 5, the local  module of convexity, ¢0 (x, 5), sat isf ies  the inequalities 

'5<o(x,'5)~o(x, 51)<o(x, 1)=1 ('5 < 5~< 1). 

If the space is locally uniformly convex, then 

lim o (x, '5) =0 .  (21) 

LEMMA 3. A local module of convexity sat isf ies  the conditions 

2h 
o(x, ,5 + h)--o(x, '5)<-ft., 

i llx vll+~(y, '5+[ix--yll) o(x, '5) < T 

( o < ' 5 < ~  + h <  1), 

(0<'5 < ~  + I lx--u It < 1). 

(22) 

(23) 

Proof.  In accordance with the definition of a local module of convexity, it suffices to ver i fy  inegual- 
ity (22) for an a rb i t r a ry  two-dimensional section of the unit sphere containing the center  of the sphere and 
the point x. Reduction to a two-dimensional space allows us to have recourse  to i l lustrat ions.  Figure 1 
represen t s  concentr ic  spheres  of radii 1 and 1 -6 .  The set  G(x, 6) is c ross -ha tched .  The distance f rom 
the line xz 1 to the center ,  0, equals 1-6-h.  It is n e c e s s a r y  to find an upper bound for the difference l [x-zl[[-  
[[x-z[[. We introduce the coordinate sys tem:  the 0} axis passes  through point V of the tangent chord xz 
and the inner c i rc le ;  the 077 axis is paral le l  to chord  xz. We give now the coordinates of the points we 
shall need: 

x ( l - - 6 ,  o+); y ( l - -6 ,  --o)-); 
u(1--b v 0); v(l--~., 0); w(l, 0), 

where w + and w- are  the lengths of segment, s xv and vz such that 

6 ~ o ± < 1 ;  5 ~ ' 5 1 ~ 5  + h ;  o; + ~- =2a). 

Figure 2 shows the unit sphere which is "worst" for the given co ~: and 6 : on it, [ Ix-z  111 attains the 
g rea tes t  of its possible values. Using the ordinary  tools of affine analytic geometry  (we omit  the c o r r e -  

sponding horrendous computations), we can obtain 

6 ( i - -  6 - -  h) ~o + -f- h } 
I Ix--z l l l=2min I; o .  1--5 &o*--ho)- ' 

whence, after a number of t ransformat ions  designed to eliminate the quantities 
w + and w- and to simplify the resul t ing expressions,  we a r r ive  at  inequality 
(22). 

It is more convenient to establish ineguality (23) analytically. Let x and y be 
close points on the unit sphere (I[x-y[[ < 1-6). From the inequality 

Fig. 1 ll~y -+- (1-- ~.)z II > II ;~x-l-(1-- ;~)zll- ~ II x - y  II ~ 1-(8 + I I x - y  II) ( o ~  1) 
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7 

Fig. 2 

follows the se t  inclusion 

G(x, 5 )~  G(y, 5 + II x - -  y I1), 

f rom whence, in accordance  with the definition of w(x, 5), we obtain inequality(23).  

F r o m  (22), (23) and (21) follows immedia te ly  the following, which we shall  
need in the sequel:  

ASSERTION 2. In any Banaeh space,  a local module of convexity c0(x, 6) is 
un i formly  continuous on the se t  S x [50: 1] (S is the unit sphere  of the space) .  If 
the space is  local ly  uniformly convex,  then co(x, 6) is ,  m o r e o v e r ,  continuous on 
the se t  S × [0; 1] (0<50< 1). 

The r e su l t s  of this sect ion w e r e  obtained by the author in col laborat ion with V. I. Gurar ie .  

§ 3 .  A U X I L I A R Y  C O N S T R U C T I O N S  

On the unit solid sphere  of space X we cons t ruc t  the, functional 

x ) ;  ~)(0)=1. (I) (x) = .e  I ~  ; 1-- II x It (24) 

It  follows f r o m  the r e s u l t s  of §2 that  this functional is  continuous on the unit sphere  U {llxlt -~ 1} and is  
uni formly  continuous on each sphere  U {[[x[[ ___ 1-50} ;  on the unit sphere ,  the functional ¢(x) = 0, and inside 
it, the following inequali ty is  valid 

l - l l x l l < ~ ( x ) <  1. 

LEMMA 4. If the numbers  {ak}~ a re  such that 

lirn ¢ ( s , ) = 0  [sn=~ake~), (25) 
n ~  

| 

then the s e r i e s  Eake k converges .  

Proof .  It  follows f rom conditions (1) and (25) that 

//s, ll<lls=ll ~ ...; lira IIs.ll=]. (26) 

we now show that, for any n, all  e l ements  s m (m->n) lie in the se t  G(sn/[lSn][; 1 -  ][SnH). Indeed, 

~z-s~'~s'`~`-+-(1-x)s"~>~xs'~s'~l-~+(1-~-)s"~=~s'`~[x~s'~-'-~(~-z-)~>~sn~ ( 0 ~  x.~ ]), 

whence the requis i te  inclusion also follows. Condition (25) means  that the d i ame te r  of the se t  G(sn/llSnl]; 
1 -  [[Snll) tends to zero  as  n--* ~ .  This means  that the sequence {Sn}~ is fundamental  and, thus, the s e r i e s  
Zake k converges  to some normal  e lement .  

For  each e l emen t  x E U{ [[x[l-< 1}, we cons ider  the broken line (general ly speaking , infinitely seg-  
mented),  success ive ly  linking the points 0, Six , S2x , .. .; we add to this the e lement  x i tself ,  and we denote 
by L(x) the c losed se t  thus obtained (homeomorphic to a segment) .  We define the functional F(x), which 
will par t ic ipa te  in subsequent  const ruct ions :  

( ' ) F ( x ) =  1---:~llxll minO(z) (llxll<l).  
' zEL(x) (2 7) 

This functional is continuous, sa t i s f ies  the inequality 
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( ' ) 1 - - ~ l l x l l  ( l - - I l x l / ) ~ . F ( x ) < l  , 

and van ishes  on thd unit sphere .  

We shal l  now prove  that  L e m m a  4 also holds for  funct ional  F(x). Le t  

t t  

lim F ( s . ) = 0  s. = X~ a~e~]. 

This  m e a n s  that,  fo r  each  n, we can  find v = v (n) -< n such that  

lim q)(s,-1 + ~,,ev) = 0  
n---~oo 

(o< Ix,.i<la,.l). 

A c c o r d i n g  to (26), v i n c r e a s e s  without bound as  n i n c r e a s e s .  Repea t ing  a l m o s t  word  fo r  w o r d  the d i s -  
cus s ion  of  L e m m a  4, we find that  the e x p r e s s i o n  s v - i  + 7,vev tends with i n c r e a s i n g  v to s o m e  n o r m e d  
e lement ,  the b a s i s  expansion of  which is  the s e r i e s  Zake k. 

ASSERTION 3. On the uni t  sphere  of  space  X it is  poss ib l e  to define a cont inuous  funct ional ,  F(x), 
p o s s e s s i n g  the fol lowing p r o p e r t i e s :  

a) F(x)> 0 fo r  Ilxll< 1; F(x) = 0 for  Ilxll = 1; F(0) = 1; 

tt 

b) iftim,,~oF(~lakek)=O, then the s e r i e s  Zakek c o n v e r g e s ;  

e) fo r  f ixed n and {ak}~ - l ,  the funct ion 

r t - - I  

is  s t r i c t l y  i n c r e a s i n g  fo r  ot < 0 and is  s t r i c t l y  d e c r e a s i n g  fo r  ~ > 0. 

P roo f .  F(x) def ined by f o r m u l a  (27) is such a funct ional .  P r o p e r t i e s  (a) and (b) a r e  a l r eady  e s t a b -  
l i shed.  Le t  us p rove  (c). Le t  lq l I<lqzl ;  (~2~2->0. Then, 

II s ._,  + ale. II < II s.-1 + a~e. [I 

by v i r tue  of  the o r thogona l i ty  of  the b a s i s ,  and 

L (Sn--1 + alert) C L (sn-1 -t- a2e.), 

by definit ion of the se t  L(x). F r o m  (27)-(29) we ge t  ¢ (oq) > ¢ (~2). 

§ 4 .  H O M E O M O R P H I S M  O F  S P A C E S  W I T H  B A S E S  

To each  n o r m e d  e l e m e n t  x E X we put into c o r r e s p o n d e n c e  the n u m e r i c a l  sequence  

h. (x) = [F 2 (S.-Ix) - -  F' (S.x)l '/" sign jr. (x) (n = I, 2 . . . .  ). 

LEMMA 5. 
1 

j ec t  to the condi t ion that  Eh2n = 1, we can  find a unique n o r m e d  e l e m e n t  x such that  

(2 8) 

(29) 

(30) 

If x is an e l emen t  of the unit  sphere ,  then ~ h, 2 (x)= I. F o r  any r ea l  n u m b e r s  {hn} ~ sub-  

h. (x) = h. (n = 1, 2 . . . .  ). 
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Proof.  The f i r s t  par t  of the lemma is directly verified. We turn to its second part.  We choose the 
coefficient a 1 such that 

1-- F ~ (ale 0 = h~,, sign a I = sign h r 

When the coefficients {ak}~ -1 are  all defined, we then define a n f rom the conditions 

(311 ) 

F ~ (SnL,) F z (Sn--, -4- a,e~) = h~,, sign an -- sign h~. (31n) 

According to proper ty  (c) of functional F(x), each coefficient, ak, is determined uniquely. Adding (31n) and 
taking into account the condition that Zhn z = 1, we convince ourse lves  that lim F(s n) = 0. This means that, 

by proper ty  (b), the se r ies  Zake k converges,  and its sum is the normed element x being sought. 

LEMMA 6. The normed sequence x~ converges to the element x if and only if 

lira hn (x,.) = hn (x) (n = 1, 2 . . . .  ). (32) 

Proof.  If Xv--X, then (32) is a consequence of the continuity of F(x). Now, let (32) hold. Considering 
this equation successively for n = 1, 2 . . . . .  we convince ourselves  that lira fn(xv) =fn(X) (n = 1, 2 . . . .  ). 

Since, moreover ,  [IXv[I = llx[I = 1 then, according to proper ty  (b), the norms of space X, x v - - x .  

ASSERTION 4. Space X is homeomorphic to space l 2. 

Proof.  It follows f rom Lemma 5 that, by putting into correspondence with each normed element 
x E X the sequence of its coordinates 

/ I x  = {h .  (x)}.~=, (11 x II = 1), 

we a r r ive  at a one- to-one correspondence between the spheres  of spaces X and l 2. We now prove that this 
correspondence,  It, is a homeomorphism. We note, for this, that, the natural norm of space l 2 satisfies 
conditions a)-c) of Asser t ion 1, and that in I z one can set F(y) = ~ We now consider  the convergent  
sequence of normed elements  of space X: 

l imx , .  = x; [I x~.ll = Ilxll  = 1 .  (33 )  

It follows f rom (33) that lim hn(xD = hn(x) (n= 1, 2 . . . ) ,  whence, according to correspondence H, 

lira h,,[y,,) = h , , (y)  (Yv = Hx,~; y ---- Hx) .  
"¢ ~ o o  

According to Lemma 6, it follows from (34) that lim y~ = y, which proves the continuity of mapping H. 

Continuity of the inverse mapping, t-I - l ,  is proven analogously. 

(34) 

Homeomorphism H is extended from spheres  to the entire space by the formula 

y = I l x l l  • ti(x/llxll); it(o)= o (x~X; y~l:). 

Since eauivalent changes of norms of a B-space  do not affect its topology, it then follows f rom As-  
sertion 4 that all infinite-dimensional B-spaces  with bases  are topologically equivalent. 

§5. H O M E O M O R P H I S M  OF A L L  S E P A R A B L E  I N F I N t T E - D I M E N S I O N A L B - S P A C E S  

It is now necessa ry  to extend the resul t  of Asser t ion 4 to spaces without bases  (so far,  their  exis-  
tence has been neither proven nor even verified). 

Since each infinite-dimensional B-space  contains an infinite-dimensional subspace with a basis ,  the 
target  homeomorphism follows from the Bessaga-Pelczynski  theorem formulated in our introduction. 
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For completeness  of exposition, we shall prove the resu l t  we need here.  

We introduce the product  of B-spaces  with a countable or  finite number of fac to rs :  

Z = Z ~ ×  Z 2><Z 3× ... 

This is a B-space ,  the elements  of which are the sequences 

z =  { z v z v z  3 . . . .  }, z , ,EZ,, ,  lira IIz~ll =0, 

with the norm [[z[[ = max [[Zn[[, and with t e r m - b y - t e r m  addition and multiplication by a sca lar .  We note 
n 

the following i sometr ic  (and, moreover ,  homeomorphic)  cor respondence :  

c o = c  o x c o = c  o X c  o X c o X .... (35) 

where c o is the B-space  of all numer ica l  sequences which converge to zero.  

We now state without proof  the asser t ion  of [12], which is a s imple coro l la ry  of the Bar f le -Graves  
theorem [20]. 

LEMMA 7. If Z is a Banaeh space and Z 1 a subspace of it, then 

Z ~ Z 1 x Z / Z  1 

(where the symbol ~ denotes homeomorphism).  

Finally, we consider  an infinite-dimensional  separable B-space ,  X, with no additional const ra in ts  
imposed. Let Y be its infini te-dimensional  subspace with a bas is ;  we denote by Z the f ac to r - space  X/Y. 
Since spaces c o and C (the spaces of functions continuous on segments) have bases,  then 

Y ~ C ~ c o ~ c  o x c o . ~ c , , x c  o XC o x . . .  (36) 

By using Lemma 7 and relationship (36), we obtain 

x ~  r x Z ~ ( c  o x co) x Z ~ c  o x (c,, x Z ) ~ c  o x ( r  x Z ) ~ C  x X. (37) 

Since C is a universal  space ([17], page 256), it contains a subspace, Xl, i sometr ic  to X. Therefore,  

From (36) and (38), we get 

C ~ c o  X Co X Co X 

C ~ X x W ~ c  o ( W = C / X  D. 

. . . .  ( X x W )  x ( X x W ) x ( X ~ W ) x  . . .  

~ X x ( W  x X)  x (W x X)  × . . . .  X x (co x co x co x . . . ) ~  X x C. 

Taking both (37) and (39) into account, we ar r ive  at the required  homeomorphism:  

X ~ C .  

We have thus proven that all separable infinite-dimensional Banach spaces (with bases  or without 
them) are homeomorphic.  
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