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A s y s t e m  of  e l e m e n t s  {xi}i~  I of a Banach  s p a c e  X is  c a l l e d  m i n i m a l  i f  e a c h  e l e m e n t  of the  s y s t e m  does  

not  be long  to the  c l o s e d  l i n e a r  hul l  of the  r e m a i n i n g  ones .  T h i s  i s  e q u i v a l e n t  to  s a y i n g  tha t  t h e r e  e x i s t s  a s y s -  
t e m  of l i n e a r  func t iona l s  {xi*}i~i c X* (ca l l ed  the  con juga te  of the  o r i g i n a l  s y s t e m )  such  tha t  xi*(xj)  = 6i j .  I f  the  

l i n e a r  hul l  of s y s t e m  {xi}iE I i s  d e n s e  in X ([xi] = X), then s y s t e m  {xi}iE I is  c a l l e d  c o m p l e t e .  A Banach  s p a c e  

X i s  c a l l e d  a G r o t h e n d i e c k  s p a c e  i f  in X* weak* and weak  c o n v e r g e n c e  of s e q u e n c e s  c o i n c i d e  (see  [1]). " T y p i -  
ca l "  e x a m p l e s  of G r o t h e n d i e c k  s p a c e s  a r e  the  s o - c a l l e d  i n j e c t i v e  s p a c e s  and,  in p a r t i c u l a r ,  the  s p a c e  m(S) of 
func t ions  bounded on the s e t  S wi th  the u n i f o r m  n o r m  (see  [1]). I t  is  known [2] tha t  a n o n r e f l e x i v e  G r o t h e n d i e c k  
s p a c e  canno t  have  a c o m p l e t e  m i n i m a l  s y s t e m ,  whose  con juga te  i s  a t o t a l  s y s t e m .  I n t h i s n o t e  we p r o v e  t ha t  c e r -  
t a in  G r o t h e n d i e c k  s p a c e s  canno t  have  any  c o m p l e t e  m i n i m a l  s y s t e m s .  

L e t  T be a c a r d i n a l  n u m b e r .  We deno te  by mr(S)  the  s u b s p a c e  of m(S) c o n s i s t i n g  of  t h o s e  func t ions  x(s)  
for  which  the p o w e r  of the s u p p o r t  S(x) = {s~S :x ( s )  ~ 0} does  not  e x c e e d  T. Le t  T be  a s u b s e t  of S. We iden t i fy  
the  s p a c e  m r ( T )  wi th  the  ( c o m p l e m e n t e d )  s u b s p a e e s  of mr (S  ) f o r m e d  of t h o s e  func t ions  whose  s u p p o r t s  l ie  in T .  
F o r  a n o r m e d  s p a c e  X we denote  by  dens  X i t s  weight ,  i . e . ,  the m i n i m a l  p o w e r  of a s e t  d e n s e  in X. 

LEMMA.  Le t  X = mr(S)  and C a r d s  > r ,  and le t  Y be a s u b s p a c e  of X such  tha t  the  f a c t o r - s p a c e  E = X / Y  
is  r e f l e x i v e .  Then  t h e r e  is  a s u b s e t  T c S such  tha t  C a r d  T < r and ,,~ (s \ r) ~ ¥. 

P r o o f .  We suppose  tha t  the  a s s e r t i o n  does  not  ho ld .  S ince  Y ~ mr(S)  t h e r e  i s  an e l e m e n t  x lEX of uni t  
n o r m  tha t  does  not  be long  to Y. We s e t  T i = S(xl) and  R1 = s \ T1. S ince  Card T 1 ~: • < Card S .  by  our  a s s u m p t i o n  
m~(nl)~ ]'. Hence  we can  f ind an  e l e m e n t  z ~  % ( R I ) \ Y .  x~!i= i. We se t  r ~ =  T~U s(x~.) and R2= s ' \  T2. S ince  
Card T~ ~ • < Card S, we can  find an  x~ =_ ,,~ (R~) \ Y, II z, II = 1. By con t inu ing  t h i s  p r o c e s s  i nde f in i t e l y ,  we ob ta in  an 
uncoun tab le  f a m i l y  of  e l e m e n t s  {xi} ¢ Y of n o r m  i whose  s u p p o r t s  a r e  p a i r w i s e  d i s j o i n t :  s (x~) V'~ s (xj) = ~ (t ~ i). 
B e c a u s e  the  f a m i l y  {xi} i s  uncoun tab le ,  i t  c o n t a i n s  a s u b s e q u e n c e  {Xin } such  tha t  the  n o r m s  of  the  i m a g e s  of 
e l e m e n t s  unde r  t he  f a c t o r - m a p p i n g  F : X ~ E  a r e  u n i f o r m l y  s e p a r a t e d  f r o m  !I F (x~)!t ~ 6 > 0 fo r  a l l  n = 1, 2 . . . . .  
S ince  {Xin~n=l is  n o r m a l i z e d  and d i s j o i n t ,  i t  i s  e q u i v a l e n t  to  the  n a t u r a l  b a s i s  in the  s p a c e  e 0. The  o p e r a t o r  

A = t" ij%] i s  a con t inuous  l i n e a r  o p e r a t o r  mapp ing  a s p a c e  i s o m e t r i c  to e 0 in to  a r e f l e x i v e  s p a c e  E .  Hence ,  A 
oO i s  a c o m p a c t  o p e r a t o r .  S ince  the  s e q u e n c e  {Xin}n=l c o n v e r g e s  w e a k l y  to  the  z e r o  e l e m e n t  (as the n a t u r a l b a s i s  

fo r  co), the  s e q u e n c e  of i m a g e s  {A (x~,)},,~ m u s t  c o n v e r g e  to z e r o  in the  n o r m  t o p o l o g y  of E .  But li A (xbt)II = 

[I F (:%,~ ' > / b  > 0 f o r  a l l  n = 1, 2, . . . ,  and so  we r e a c h  a c o n t r a d i c t i o n .  

THEOREM 1. I f  Card S > 2 ~, then  the s p a c e  mr(S)  does  not  have  c o m p l e t e  m i n i m a l  s y s t e m s . ~  

P roo f .  We suppoee  tha t  d e s p i t e  the a s s e r t i o n  of the  t h e o r e m ,  the  s p a c e  X = mr(S)  has  a c o m p l e t e  m i n i m a l  
s y s t e m  {xi}iE I .  We can  show tha t  mr(S)  i s  i s o m o r p h i c  to  the  s p a c e  C(Q), w h e r e  C i s  a c e r t a i n  ¢ - S t o n i a n c o m -  
pac t  s e t ;  then  i t  fo l lows  tha t  mr(S)  i s  a G r o t h e n d i e c k  s p a c e  (see  [3] and [4]). T h e r e f o r e ,  by a t h e o r e m  of John-  
son  [1] the  s p a c e  F = [xi* ] m u s t  be r e f l e x i v e .  We denote  by Y = F± the a n n i h i l a t o r  of  F in  X and s e t  E -- X / Y .  
S ince  a r e f l e x i v e  s u b s p a e e  of  a dua l  s p a c e  i s  weak* c l o s e d  ( see  [4, P r o p o s i t i o n  1]), F = (F±) ± -- Y± = E*.  Hence ,  
the  s p a c e  E i s  r e f l e x i v e ,  b e c a u s e  i t s  dua l  i s  r e f l e x i v e .  By the  l e m m a  t h e r e  i s  a s e t  T c S  such  tha t  Card T g  
and m T (S \ T) C Y. L e t  P be the  n a t u r a l  p r o j e c t i o n  f r o m  mr(S)  onto m r ( T )  = m(T)  : P(x) = XlT. F o r  e a c h  iEI  we 

• $ 
s e t  z i - - -P (x i ) .  S ince  z ~ - - z ~ m  r ( S \ T )  C Y ,  we have  ~) (:~) -- x* (x~) --  z* (z i - z ~ ) = x j  ( x d = ~ ;  fo r  a l l i , j ~ I .  Con-  

s e q u e n t l y ,  {z i} i~  I i s  a m i n i m a l  s y s t e m  in the  s p a c e  re(T) .  Hence ,  Card I = Card {z~}~ ~ Card m (T) = 2 T M  r ~ 2L 
On the o t h e r  hand,  s i n c e  the  s y s t e m  {xi} i~ I  i s  c o m p l e t e  in mr(S) ,  we have Card I ~ Card S. Thus  Card I ~ 2 ~ < 
Card S ~ Card I . This  c o n t r a d i c t i o n  c o m p l e t e s  the  p r o o f  of  the  t h e o r e m .  

t I n t h e  c a s e  when T =S0 th i s  r e s u l t  was  p r o v e d  s o m e w h a t  e a r l i e r  by  A.  N. P l i c h k o .  
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COROLLARY.  If  X = m~(S) and Card $ > 2 ~, then e v e r y  f a c t o r - s p a c e  of X of weight  dens X does  not have 
comple te  min imal  s y s t e m s .  

In fact ,  as  Lev inson  and Johnson  have r e m a r k e d  (see [5, R e m a r k  5]), the ava i lab i l i ty  of a comple te  mini -  
real s y s t e m  in a Gro thendieck  space  Z is equivalent  to the ex i s tence  in Z of a re f lex ive  f a c t o r - s p a c e  of weight  
dens Z. Let  E be some  f a c t o r - s p a c e  of X of weight  dens X. Since the space  E* is identif ied with a weak* c losed  
subspace  in X*, E is a Gro thend ieck  space .  If  we a s s u m e  that  E has a comple te  min ima l  s y s t e m ,  then it mus t  
have a re f lex ive  f a c t o r - s p a c e  E 1 of weight  dens E 1 = dens E = dens X. I t  is e a s y  to see  that  E 1 is a f a c t o r - s p a c e  

• of X, and so  X mus t  have a comple te  min ima l  s y s t e m .  

We can t r e a t  the space  m(S) in an obvious way as  a space  of cont inuous funct ion on the S t o n e -  Cech  c o m -  
pact i f ica t ion  of the se t  S. It  is known that  the space  m(S) has a comple te  b ior thogona l  bounded s y s t e m  (i.e., 
sup II z~ II • II z* II ~< c < ~  ; see  [5]). The next  t h e o r e m  shows tha t  t h e s e  s y s t e m s  in the  space  m(S) have a ce r t a in  
" s t r a n g e "  p r o p e r t y .  

THEOREM 2. Let  X = C(K) be a Gro thend ieck  space  and {xi}iE I be a comple te  min imal  bounded s y s t e m  

in X. Then e v e r y  subsequence  of  {xi~iE I conta ins  a subsequence  equivalent  to the na tu ra l  bas i s  of the space  l 1. 

* I). Since X is a Gro thend ieck  space  the space  Proof .  We a s s u m e  that  II ~ II = I and/l xi It ~< c (~ 
r = [~*] ~ x* is re f lex ive  and its unit ball  U is weakly  compac t .  We c o n s i d e r  an a r b i t r a r y  subsequence  ~Xin} n =1 

of the s y s t e m  {xi}iEi,  and a s s u m e  that  it is weakly  fundamenta l .  Then the sequence  {x~.,~ - xh~_ }~= I c o n v e r g e s  

weakly  to the z e r o  e l ement ,  and by condit ion for  the weak c o m p a c t n e s s  of bounded se t s  in the space  C(K)* (see 
[6]), this  conve rgence  to the ze ro  e l em en t  mus t  be un i fo rm  on the se t  U: 

lira sup I / (xi._,~ - -  xi2~. 1 ) I = 0 .  

But the s y s t e m  {xi}iE I is min ima l  and so  for  any k = 1, 2 . . . .  we have 

SUp I /(X. --X.  " 1 9  ~ . 2k. ~t2k " t 2 k - l !  I 

Thus ,  no subsequence  of s y s t e m  {xi}iE I can be weakly fundamenta l .  The conc lus ion  of the t h e o r e m  now follows 
f r o m  the  wel l -known Rosen tha l  c h a r a c t e r i z a t i o n  of spaces  conta in ing  ll (see [7]). 
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