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Sommario. — Nell'articolo diamo applicazioni del classico teorema di Steinitz all'in-
vestigazione di permutazioni di sistemi biortogonali in spazi di Banach. Inoltre viene studia-
ta una versione debole della nota base di Terenzi-Revesz. Alcuni problemi aperti vengono posti.

The main purpose of this paper is to show how the well known
theorem of Steinitz (generalization of Riemann theorem about the per-
mutations of series of real numbers) can work in the theory of the
biorthogonal decompositions.

Let us recall this theorem:

THEOREM OF STEINITZ [1]. - “Let Zu. be a series in R™, which

‘we consider’ Euclidean space with the natural inner produet (..), then

the series converges if an only if the following two conditions are satisfied

(a) im u, = 0,

n—+e
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(b) for every v e R™ if L |(ua, v)| is divergent, then also T [(uy, »]*
and T | (un, v)] "are divergent

(where, if an [} = {on) U [an} with an, > 0 and tn, < 0 for every
k, then I [as]” means L an, and I [an]” means T an).

If these conditions are satisfied the domain of the sums of the
series (i.e. the set of sums of all its convergent permutations) has
the form u+ Vi, where u is sum of one of the convergent permutations,
while the “convergent subspace” V, (i.e. the set of all v € R™ for which
T | (un, v | < +) is orthogonal complement to Vi, hence B™ = Vo @& V..

The direct cause of this paper was a sudden recent result of
S. Revesz [2]: “For every continuous 2w-periodical function there exist
a permutation of the associated Fourier series and a sequence of partial
sums which is uniformly convergent to the function”.

Let {fu, es)T be a basis of Markushevich (M-basis) of a Banach
space X, that is a biorthogonal system (e € X, fu € X*, fi (¢;) = &) with
{on} fundamental in X and {f)] total on X. We can compare every
element x € X with the associated biorthogonal decomposition

2~ X fu(®)en.

For an arbitrary not empty finite set § = {ni, ..., nm) of indices
we define the partial sum of decomposition

m

S,@) = D for @) en;

i=1

we denote by & (x) the set of all possible S, ().
We call [eT a basis of Terenzi-Revesz (TR-basis) if for every
* € X there exists a permutation of the biorthogonal decomposition

x ~ Z Jry () ey
1

so that a subsequence of partial sums is convergent to . These ‘‘bases
with individual brackets and permutation” were firstly considered in
[3], see also [4].
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We can reformulate the result of Revesz in terms of partial sums:
every 2w-periodical continuous function belongs to the closure of & ()
in the metric of Ce,n; this is corollary of the next simple proposition:

$okad

PROPOSITION 1. - The fundamental minimal system {en7 n X
is TR-basis if and only if every x € X belongs to the closure of § (x).

PROOF. - Necessity is obvious. For the sufficiency let us choose

a positive sequence fex] — 0 and let us consider
A

Ny
ry = Zl fni.l (.’L') Oni,1 5 “x—.’h “ < €1 .
i=

For the element hy = x—z: we have fu, (hy) = 0 for 1 <% < Ny,
hence there exists

Nl
X2 = Z fusz (%) €n;, SUCh that \l h2 “ < e,
i=1

where ha = hi—x2, moreover [mi)iL;N (252, = o.

We have & = xi+h1 = Ti+@2+ha.

So proceeding we obtain the necessary arrangement of indices
and brackets

Cog 1y weer €nng 2y weer €y weey €np20 2ee )

the proof is finished.

For the general M-basis, if we do not give further conditions,
we cannot expect the existence of some method to restore the element
of the space only by means of partial sums of its decomposition.

For example it is possible to have the following situation: the
numerical series, obtained after the application of a linear functional
f to the decomposition of an element x, has only a finite number of
nonzero items; however the sum of this series is not f (x).

This situation, described in I. Singer’s monography [5], is connect-
ed with the “non hereditary completeness’.

[
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We remind that a M-basis {z.) is called hereditary complete [6] if
xeV (i@ ax, k> 1) for every =z,

where V (K) means the closed linear hull of a set K; such system

is also called strong M-basis [5].
Let us consider some conditions on an M-basis {e.T C X with

coniugate system [f]7 C X*.
CONDITION (0): Vz, f, lim fu(x) f (en) = 0.

ConNDITION (I):

(a) If for x and f we have Z l (@ f (en)\ < + oo, then Z fa (@) f (en)
=f(x). i=1 n=1

(b) If for x and fwe have Z | fa @) f (en)| = +oo, then Z [fo @) f (en)]”

1

= +o and Z [fo @) f (en)]” = +o0.

CONDITION (II): For every x and f there exists a permutation
x of the natural sequence so that the permuted series

Z femy (@) f (exe) is convergent to f ().
1

(In this case we call (e, basis of Steinitz or S-basis).

CONDITION (III): Every element z belongs to the closure of the
convex hull of the set F (x).

PROPOSITION 2. - Condition (1) is equivalent to the uwion of the
conditions (0) and (I).

It is a simple corollary of Riemann’s theorem about the permuta-
tions of a numerical series. '

PROPOSITION 3. - Conditions (I) and (III) are equivalent.
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Proor. (I) — (III). - Otherwise suppose that there exists x so that
z ¢ conv F(x);
by Hahn-Banach theorem there exists a linear functional f such that

(a) f () > sup {f(y); y € conv F (@) .

Suppose now that Z fa@) f (en) = f (), it follows that lim

n-—*o

1
f (Snx) = f () which is contrary to (@), hence we cannot have I (a).

But also I (b) is not possible, because Z [fu @) f (en)]* = +o0 is con-
trary to (a); therefore EII—I) == m '

Let us show that (III) => (I):

We can imagine condition (IIT) in the following form: for every
r€X and € > 0 there exist a natural number N and a set of coeffi-
cients wxh_1, 0 < Mk < 1 such that

N
(b) “x—zl)\N,kfk(x)ek“<e.

Suppose that for some non zero & and f we have

2ilf@ f @] =C < e

Fix ¢ > 0. Let » be a natural number such that

Z |fi @) f (e)]| < €3

By (b) there exist a natural number N > n and (\nv,kJk-1 such that

N
j= - D @] < —f—, 1 - S < hwa < Lfor 1<k <m.
T 3|71 3C

0 < k<1 for n+l <k <SN.
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Then we have that

7@ = 2056 @] <17 @~ 2w h@ /@] +
+ 20 0-M) @ S @]+ | 2 hwa @) £ ()<

N A O I
slrl - sc 3

<|s

= €.

Consequently (III) = (Ia).
Suppose now that

0o

211f@ @) = v

From the inequality

1217 @ = 20wafe@ @] > | 20w 56 £ (@] +

- 20wk @ S @ | - 1f @],

since lim Anx = 1 for every k, we obtain that Z [/ @) f (e)]* and
) 1

N-—o0

Z [fi @) f (e)]” are divergent; that is (II) = (Ib). Proposition 3
1

is proved.

COROLLARY 1. - Every (summing on Cesaro basis {ed7 tn X is
also S-basis in X. Hence the tirigonometrical system is S-basis in the
space of 2m-periodical continuous functions.

Next theorem s the main result of the paper.

i THEOREM. - Let [en)T be S-basis in X. Then for every z € X and

Jor every linearly independent finite set (h,)} C X*, there exists a per-
mutation of the natural sequence w:N — N such that

24 e O by (exw) = b @), for 1< u < m.
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PROOF. - Let us consider the linear map 7:X — R™ where we
compare every € X with the m-dimensional vector Tz = {h, (x)jT* (we
remind that R™ is the Euclidean space with the natural inner-product).
Without restriction of generality we may account T surjective, then
T* : R™ — X* will be injective. Let us consider = with the biorthogonal
decomposition

xr ~ an(x)en;

we can compare it with the series in R™

2t = 24 L) el

By conditions (I)}-(I) the series satisfies Steinitz’s theorem, so
we have convergent permutations and the domain of sums is u + Vi,
moreover B™ = Vo @ Vi where Vp is the subspace of convergence.
Let us consider for every v € R™ the numerical series

]

Z {Un, V) .

n=1

If v € Vo, according to condition (Ia), for every permutation =
the series

o0

@(v\\ Z (U, ¥} converges to (Tx,v) .

<

On the other hand by Steinitz’s theorem there exists a permuta-

0

tion = such that for every » € Vi the series Z {Upmy, V) converges
to (Tx, v). !

That is for an arbitrary z € X there is a permutation =« such
that, for every v € R™, the series

X (Urmy, ¥) is convergent to (T'z, v).
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So, for every h, with 1 < pu < m, if T*v, = h,, the series
X {4remy, V) 18 convergent to (Tx, v), hence > Jrm by (exmy) 18 conver-
gent to A, (x); which proves theorem.

COROLLARY 2. - Let {en)T be S-basts of X. Then every z of X
belongs to the weak closure of the set of all partial sums of its bior-
thogonal decomposition.

PROOF. - Let us set
O(x)={y€X:|hu(x—y)| < g, 1<usm},

that is an arbitrary weak neighborhood of an element z.
By theorem there exists a partial sum of a permutated decomposi-
tion of z,

n
§ = kz_; Jrao (%) €xo

so that |hﬂ (x—s)| < e for 1 < u < m; that is s € 0 (x). Corollary 2
is proved.

COROLLARY 3. - A S-basis {en)T in X 1s a ‘“‘non Linear summing
basis” in the following sense:

Jor every x € X there exists a triangular matriz {on (@) :m € N, 1 € 1 < n
such that

0<ew@ <1, lim |o- 2ien@fi@eal=0.

PROOF. - Since x belongs to the weak closure of the set of the
partial sums of its decomposition, by a known theorem of Mazur =z
belongs to the strong closure of the convex hull of this set. So for
every e > 0 there exists a finite set of partial sums such that a convex
combination e-approaches xz. Obviously every convex combination of par-
tial sums has the form

Dlafi@ea  O0za<l.
1
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The question of existence of the S-basis in every separable Banach
space is open. In connection with this let us introduce the following
definition.

DEFINITION. - Let [en) be M-basis wn X and let us consider two
sefs A € X, B < X*. We call [en} weak basis with individual permuta-
tion (individual brackets) relatively (A, B), if for every pair (2, f ) €A,
f € B, there exists a permutation w(n) (o sequence of matural numbers
n1 <y < ...) such that

e
o | g
F@ = 21 fu0 @ f (Q«(n))JEf @ = Im 24 @) f ()

In the case of A =X, B =X* let us call {es) the weak basis
with individual permutation (weak basis with individual brackets), in
this line let us also define the weak (TR)-basis (i.e. with individual
prackets and permutation simultaneously).

Now questions of existence arise for the mentioned weak bases
for different (A, B); for example in the case when A is the subset
of the continuously differentiable functions in C, (e is fundamental
in C and orthonormal system in L2

Obviously [ea] is weak basis with individual permutations if and
only if it is S-basis.

It is interesting to construct examples of weak bases of one type,
which are not weak bases of another type; similarly to examples of
V.M. Kadets [4]. .

The following hypothesis seems verosimilar:

HYPOTHESIS. - If an M-basis e} in X is uniformly minimal and
also weak basis with individual brackets, then it is also weak basis
with individual permutations, i.e. S-basis.

We remind that the system {m] in X is called uniformly minimal
if there exists ¢ > 0 such that

) e @oL®) > alml k=12 .

where ¢ is the distance and L® = V (&1, oy Ti—t, Xkt 1y o)
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PROPOSITION 4. - If a weak (TR)-basis {en] satisfies condition (0),
then it is S-basts.

ProoF. - It is sufficient to check that conditions (Ia) and (Ib)
are satisfied:

(Ia) If for some 2z, f it is

2@ f )] < =,

there exists a permutation = and an arrangement of brackets so that

lim 2 oo @) S ) = f @),

then the absolutely convergent series Z Ja (x) f (en) can converge only
to f (x). !

(Ib) If for some =z, f it is

2i1A@ @] =+,

then obviously Z [fa (@) f (en)]* = o and Z [fa @) f (ew)]” = oo, other-

wise if one of these sums would be finite, [e.} would not be weak
(TR)-basis. Proposition 4 is proved.

PROBLEM 1. - Does there exist a weak TR-basis which is not
S-basis? Indeed we have the following property.

PROPOSITION b. - KEvery umiformly minimal TR-basis is S-basis.

ProoOF. - By above it is only sufficient to check condition (0),
for a system [fy, s, where for simplicity we can suppose that

leal =1, |fu] <C <, n=12,..

(since after we can use the proof of proposition 4).
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(0) For an arbitrary = € X there exists a sequence of natural num-
bers n; < Mz < ... such that, if for simplicity we write the items in
the natural numeration, we have

ny

lim Zl fi®e =1x,

k—=oo i

s

go lim E : fi(@)ei = 0. We affirm that fi (x) — 0; indeed other-

k- i=m+l
wise there would exist a sequence of natural numbers {m;}, such that,
for every j,

hence, if 7ug+1 < M < Nuge1, DY (*) we would have

T

“Zﬁ(w)ei“ > ab,

=Rkl

that is a contradiction. ‘

Hence for every f € X* | fi @) f (&) \ %A fi (@)
sition b is proved.

« | f]— 0; propo-

100

PROBLEM 2. - Does in every separable Banach space exist the
weak TR-basis?




