BbiNYCK

| TEOPMUS

S $YHKLUOHAAbLHbI i1
| AHAAU3

" IPUAOXKEH NS




VIIK 513.88

B. B. roqy¥H, M. H. KAREL

OIMHO)KECTBE SHAYEHHA XAPAKTEPHUCTHKM NOANPOCTPAHCTB
CONMPSHKEHHOTO HPOCTPAHCTBA ,

IMyers X — npocrpanerso Banaxa H X* — ero conpszkenuoe., Ion-
nmpocrpancTso I' < X* HaseiBaercss ToTanbubM ma X , €CJH

I+ o (X) = (0},

TA€ % — ecTecTBeHHOE BiIOkeHHe X B X** y Pt — {(FeX*: F(f)=0
Aast Beex feT), u HOPMHDYIOUIRM, ecaH cymma ['+ + 7 (X) samknyra
no Hopme. Xapakrepucrukon I' Ha3LIBAETCS BeJIHYHHA [6]

. @l 1
r() = Inf sup S = e
x+0

rle Pr—npoekTop ua It P (X) na = (X) napanneseHo I't, Jlas
[IMPOKOTro Kjacca 6aHaxOBBIX TIPOCTPAHCTB B CONPAKEHHOM IIpo-

C PpaBHOMEpHOH HopmoH). Kpome TOro, H3BECTHHl IPOCTPaHCTBA
(Hanpumep, npocTpaHcTEO ¢ [3]), nI7 ROTOPBIX 3HAgeHHs XapakTepu-
CTHKH BCeX COGCTBEHHBIX MOANPOCTPAHCTB CONPSKEHHOTO NPOCTpPaH-
CTBa He Goubwe 1/2. B cBsisu ¢ srum BO3HHKAeT BONPOC 06 OmHCAHHH
MHOMECTBA 3HAYEHHH XapaKTEPHCTHKH Beex COGCTBEHHBIX NOAMPO-
CTPaHCTB NPOCTPAHCTBA, CONPSIKEHHOTO K AaHHOMy. [lpyro#, npen-
CTaBIFIOMIN HHTEPEC BOIPOC — 5TO BO3MOKHOCTE TaKOH 3KBHBAJIEHT-
HOH NePEHOPMHPOBKH JaHHOrO [IPOCTPAHCTBA, YTOGbl B HOBOH HOpMe
(moxo6HO mpoctpancray, Co) 3HAYEHHs XaPAKTEPHCTHKH Beex co6eTBeH-
HBIX TOANIPOCTPAHCTB CONPSKEHHOTO NPOCTPAHCTBA OBUIM PaBHOMEPHO
OTTPaHH4YeHBI OT 1.

Ecan {x,)p, — Gasuc X » TO MbI GylleM paccMaTpHBaTh clenyolme
TOC/IE10BATE/ILHOCTH OHEPATOPOB:

h ‘ :
Sp (%) =‘I§1x,f(x)xk; Ry=1-S§, Ty =S8y, — R,

Hanomuum, yro HOPMOH Gasuca HasbIBACTCS BEIHYHHA v (%) = sup{| S, |l.
n

Basnc masnBaercs MOHOTOHHBIM, €CIH €ro HopMa paBHa 1. [ls nox-
MHOXecTBa A =X Gynem o6osHauars [A] monmpoctpancrso, 110pOxK-

fipoctpanctea I' < X* paBna ny.mo. Hosromy Bciony B aanprefimen
MBI GyZeM TOBODHTb O MHOKECTRE BHAYEHHH XapaKTePHCTHKH JIHIL
TOTaJIbHEIX HOANPOCTPAaHCTB X*, '
Hauiem ¢ Teopemsr, KOTOpAs IOKa3bIBAET, YTO MHOMKECTBO 3Haue-
HHH XapaKTePHCTHKH cO6CTBEHHBIX noanpocTpancTs X* scerna csiso.,
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Teopema 1. Ecau X He pegpaexcusro u 045 Hércomopoeo ac(0, 1]
cyuecmeyem makoe nodnpocmpancmeo G X*, dmo r(G) = a, mo
dan atobozo Pe (0, @) naddemeca nodnpocmpancmeo ' < X* makoe,

umo r(T) = B.
HdoxasatenbCcTBO. 3aduKCHPYeM NPOH3BOJLHO BbIOPAaHHDBIA

| Qynkiuonan FeG+ < X*\x (X) u anement x¢ X, |[x||=| F|=1.

3anapumest € >0 (e < a) U nonokuM F, =eF 4+ x ¢ Y = [F] P = (X).
ITycrs P —mnpoektop u3 Y Ha 7 (X) napamieasso [F] u P, — npoex-

- top u3 Y Ha = (X) mapamrensho [F.]. Herpyano BHgerb, uto

Pll< 5 (P> (1

Onpenenum Ha uHTepBasne [0, 1] 4HCJIOBYIO @yﬂxuﬁm o (), moaa-
rasg ana Kaxporo A€ [0, 1]:

M) =A™, .

rae Py=AP+ (1—X\)P.. Tax, onpenenenuass ¢yHkuusi ¢ (A), oue-
BuAHO, HenpephiBHa Ha [0, 1] u corsacHo (1) 9 (0) <&, @ (1) = a.
3Hauut, M Kaxporo P € [e, «} Hafimerca Takoe A€ [0, 1], uro
@ (As) =P. OTMeTHM, 9TO NpH KaxIOM (UKCHPOBAHHOM A ONEparop
P, ssnsierca npoextopoM H3 Y Ha = (X). Ilycth Temepn I'y = D1 (0),
rie D¢ Ker Py, Torza Ha OCHOBAaHHH NpeABIAYINETO 3aMeYaHHS
¥ onpejejeHus GyHKUHH @ (A)

() = [ = ¢ () =P

Tax kak ¢ >0 Gbwi0 BhGpPaHO HaMM NPOHM3BOJBHO, TO A JOGOrC
P € (0, @) cymecrsyer Takas runepnaockocts I'=®@ 71 (0), D X\ x (X),
gro r(I)=H. ' /

Cnencreue 1. Ecau X He pegrexcusno, mo mAiodcecmao
BHOueRUd  xapakmepicmuKku CcoOCMEEHHbIX MOMAAbHLX HoON PO~
cmpancme X*. codepacum unmepsar (0, 1/2).

HokasareabctBo. B X*\ x(X) Bcerna cyuectsyer sjeMeHT
«NOYTH» OpTOroHaJbHBIN = (X). Tounee, nas moGoro & >0 Haiaercs
aneMeHT F € X**\  (X) Tako#i, uto npoektop P u3 [F]1P = (X) na [F]
TiapaIeNbHO w (X) umeer Hopmy || P|| < 1 4 4e (1 —2¢)~1. Torzaa aas
JonoyHKTebHOrO npoektopa Q =1 — P, ||Q || < 2 (1 — 2¢)~%, 3Hauur,
ecad G=F"1(0), 10 .

1 1
f(G)sz—“}?—E v

CriezoBaTeNbHO, MO TeopeMe 1 MHQMKECTBO 3HaYeHHil XapaK TePHCTHKH
COOCTBEHHHIX MOAMPOCTPaHCTB X* comepxur HHTepBaa (0, 1/2 —¢),
a4 B CHJIy NpPOH3BOJBHOCTH ¢ >0 —u uHTepBan (0, 1/2).
Caencreue 2. Ecau dens X < dens X*, mo snaenus xapak-
mepucmuKru cobcmsenolx momaasroix nodnpocmpancms X* (8 awbod
aKeusarenmuotl Hopme rHa X) sanosnswom unmepsaa [0, 1].
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,[loxasaTeJlbéTBo. TycTh {xa}aef(cardl=densX)——nJ10THoe

s enquuuyHOM ape X MHOXECTBO U T = [f.J = X*, rae [.— TOT
(YHKIMOHAA HA enMHUUHON copepe X*, Ha KOTOPOM Xq JOCTHIAET
sopmel. HeTpyRHO BHAETB, YTO r(I') =1 1 TaK KaK densT =dens X <
< dens X*, To T —coGcTBeHHOE noxmpocrpadcTo  X*. ' B cuay
TeopeMbl 1 MHOXECTBO sHAYeHuH XAPAKTEPHCTHKH COOCTBEHHBIX IOA-
npocTpaHcTB X* CONAEPHKHT untepsan (0, 11. TlockombKy dens X <
< dens X*, To X He MOXeT GLITh KBasupedIeKCHBHbIM, H IO [2] B X*
CyIIECTBYET TOTAbHOE TIOATIPOCTPAHCTBO XaPaKTePHCTHKH, HYJIb. Takum
06pa3soM, -3HAUEHHs] XAPAKTEPHCTHKHU TOTaNbHBIX TOATPOCTPAHCTB X
3aM0JHAIT BECh HHTERBAJ [0, 11. ' : '

CrefcTBHE 2 TIOKa3biBaeT, 4TO A cenapabesbHoro X TOuka 1
MOMKET He NPHHAJJIeXaTh MHOXKECTBY 3HAYeHHE XapaKTEPHCTHKH COG-
eTpeHHBIX TIOANpocTpancTs X* (BO3MOXKHO, B HEKOTOpO# SKBUBAJIEHT-
moii nopme Ha X) JHulb B TOM Cly4ae, koraa X* ceriapabeJsibHO.
Tlo sToMy TNoOBOAY HMeeTcd cjelyrolias. teopema M. 3uHrepa o
. Ban JlyaecTa. .

Teopema [4]. Ecau X* cenapabeabro, mo cyujecmsyern ‘maxas
sxeusanermuan wopma || - Il ma X, amo 6 nogod HopMe rpn(@ <1
048 Kaxcdozo coGCMEERHO20 ‘nodnpocmpancmea I' — X*,

B. HEKOTOPHIX CJYdasX Mbl CMONEM YTOYHHTb 3TOT Pe3yJbTar.

Jdemma. ycmo (X} iy — MOHOMOHHOLA namszuearouuli 6asuc
He pegaeKcusH020 NpPoCMpaKCMmea X. Toeda '

r (P) < 1/2’11‘2 i Tyll , (2) -

028 Kaxcdoeo cobCMEERHO20 nodnpocmpancmea T’ X*. :
IokasaTeabCTBO. Jlasi  TPOH3BOJBHOTO  (HKCHPOBAHHOTIO
QyHRIHOHAJA F ¢ X¥*\ = (X) nmeeM ‘

PEHO)=int S TR <

[F Sy (F)—12F) ]

< lim su s . (3
e TSy B ©)
L neSt —F 1. T - IE
< el hm———-;——'—" <_ _——ﬁ——;_-
2 paw - ISy OV T 2 hae ||Sy (Bl

O'me'rmil, 4TO, cbr.ziacﬁo HU3BECTHOH 'Teopeme' Txedimca [5, c. 122],'
tim (| Sga(F) || = || F Il n Tax xax TR = [{ T ll, 0 w3 @) r (F (0) <.

- o

<.”é‘giml| T,|. Tak xak ¢yHKIMOHAN F e X**\x(X) Oul1 HaMmy

BbIGpaH MPOM3BOJIBHO H, OUEBHIHO, KaX/O0€ TOTAJbHOE MOJANPOCTPaH-’
crBo T  X* CO/IepSRUTCSL B HEKOTOPOH runepriockocTd I' = ®1(0),
@ ¢ X*\ = (X), TO HepaBEHCTBO (2) BBIMOJIHAETCA AJA KaX1o0ro co6-
cTBeHHOrO mnoAnpocTparcTea I'C X*. ' :




Teopema 2. [Tycme {x,};, — Gesycaosnsiii namazusarouuli 6asuc
He pedhaekcusrozo npocmpancmea X. Toz0a cywecmsyem maxaa
| #a X, umo e nosoil nopme ry.  (T) < Vs

. 028 Kascdo2o coﬁcmeeﬂuoeo noanpocmpaucmea I' < X*.

HokxasartenbcrBo. OnperesuM HOBYIO HOpMY Ha X, nonaras’
IS Kaxjaoro x € X

8

Mrlll=sup I X ek (x) xg .
M=0,1x1 k=1 )
Hapectro [5, ¢. 125}, uro || - ||| —Hopma Ha X, sxkBHBasjeHTHAs -
HCXOLHOH, B HOBOH HOpMe GasHC MOHOTOHeH H || Th|” =1 g Bcex
h=1,2, .... Torna B cuay aemmsl ry. (L) </, ana xaxaoro

COBCTBEHHOTO noanpocrpanctea I' < X*,

Cunencraue 3. Ecau X —mHe peaexcusroe npocmpancmeo
Banaxa ¢ 6e3ycro8HoiM HAMALUBAIOUU M b6azucom, mo cyujecmeyem
maKas 3KBUBARCHMHAA UCcX00ROG HOpma Ha X, 4mMo 6 HOBOl HopMme
Kaxclolli He namAzusarwull 6asuc X umeem Hopmy v () == 2.

JdokasateanctBo. BeememM Ha X HOBYyIO HOPMy, KaK B T€O-

peme 2. Eciu (%), —He Hatsrusalomuii 6asuc X, 10 [x;] 7= X* u,
3HaAYMT, cOrJiacHO Teopeme 2 u [4]

|
Vo) Z T =

HanomuuM, uro paccrosiuem Banaxa — Masypa mexny iByms
H30MOPDHBIMH HpOCTpaHCTBaMH X n'Y HaswiBaercaBennuuHad (X,Y) =

=inf(||T| «|[|T7*|]), rae HWXHAS rpaHb GepeTcd 10 BCEM H30MOp-
pusmam T:X Y. Ecim X m Y He usoMOpdHB, TO IOJaraem
d(X,Y) = oo,

Teopema 3. Ecau X ne pepaexcueno u r(T) < 1—38 (3 > 0) dan
xaofcaoeo cobcmee K020 noanpocmpaucmea I'c X* mo

X, (A= (X) =

daa Kamdoeo F e X*¥*\ = (X).
[L OKasaTeabcTBO. 3apukcupyeM F ¢ X**\ x(X) u nonoxum
=[F1P= (X) G =nxs (X*) |y CY* Mbl ofo3HauaeM § |y cyxeHHe
(pyHKHHOHaJIa F < X*¥* Ha nopnpocTpaHcTBO Y X** IToxkaxewm,
410 G — CcOGCTBEHHOE NOANPOCTPAHCTEO Y* U 7 (G) = 1. ﬂeHCTBHTeano
no teopeMe XaHa — Banaxa cyliecTByeT Takoil Q)yHKuHOHaJI F e Xwxx
aro F (F) =14 § (v (x)) = 0 ans Bcex x € X. Torga y*= f[yéY*\G
H TeM camMpiM Gs=Y*, JIaA Npou3BO/IBHOTO y €Y HMeeM

_ gl _ |9 (g 6N IV
RN P e P AL EoL e Y TR P
= sup lg ()]

e el 1Ty




H, caenosareasHo, r(G) = 1. Tlyern Temeps T : X - Y — npou3BOJb-
Hbit M3oMopdHaM. BOCIO/B30BABIIMCH ONPE/ENCHHeM  COMPMKEHHOTO

omeparopa H PaBeHCTBOM T =] T*|, notyusm
.Gy 91y |(T* (&), T ()] _
r(T*(@) =il S TR S 1T @
—inf (g )| r (@)
=t S Tl 1T @I= 717

Tak xak r(G) =1 u mo ycuosuio teopemst r (T%(G)) < 1—3, To 1A
moboro msomoppuama T:X—~Y [[T]-[[T7H|> (1 —3)~1, 3muauwr,
d(X,Y)>>(1—23)7" u TeopemMa JOKasaHa.

13 TeopeMEl 3 BBITEKaeT C/ELYIOLIHHA usBecTHwIfl pakr [1].
Caenctraue 4. d(cy €)==2. :

JleficTBUTENLHO, TIO TeopeMe 2 (TaK Kak ecTeCTBEHHE 6a3uc Ipo-
CTpaHCTBA ¢, Ge3yCJOBHEIN, HATATHBAIONHH ¥ MOHOTOHHEH) 7 (T') < /s
JUIs MoBOro COGCTBEHHOrO MoANpocTpaHcTBa I' < ¢ =1,. OueBujHO,
nast ymaxmMonana F=(1, 1,1, ...) ¢ 1,\n(c,) TpocTpaHCTBO Y =
= [F]€P = (c,) HIOMETPHUHO C. B cuay Teopemsl 3 d(oy,Y)=
=d (CO’ C) 2 2.

HenocpeicTBeHHO H3 TeopeM 2 H 3 moJydaem
CaepctBre 5, Ecau X —mne pedaexcugroe APOCMPAHCTEO =
¢ 6e3ycAoBHbLM HAMAUQIOWUM OASUCOM, MO CyUlecmEyem maxas

IKBUBAACHMH AL HOPMA HA X, umo & nosoti Hopme d (X, [F] Sr(X) =2
daa kamdoeo F e X*N\ = (X).
~ Temepb Mbl NPHMEHHM H3JIOXKEHHbIE BbIIE PE3yJbTATHl LA OKa-
3aTeJbCTBA HEKOTODHIX CBOMCTB IpocTpaHcTBa JlKedMca. OnpeneseHne
npoctpanctBa [[xeiimca J ¥ €ro OCHOBHBIC cBOHCTBa (cM., HampuMep
5, ¢. 123]).

" Teopema 4. Jaa aoboco. ¢ >0 Ha npocmparcmee J cywiecmayem
makas sxeusasenmuas wopma ||| - |l , umo 6 wosoi nope ry. iy (I)<
<Y,+¢e 0an Kasxdozo cOOCMBEHHO20 nodnpocmparcmea I' < J*.

JlokasateabcTBO. V3BecTHO {5, c. 123], 4TO €cTECTBEHHbBIC

_opThl 00pasyior MOHOTOHHHIH HatsirMBarouiuit Gasuc J. g 1aHHOro
e >0 ompenemum Ha J HOBYIO HOpMY, nogaras AJA KaXJIOTo X ==

={x}ia€d;

~

xfl =+ A-1x]E)",

2—ce(l-}2)
e(l+¢
[l + Il —HopMa Ha J, SKBHBaJeHTHA# HCXOIHONH, M B HOBOH HOpMe
6asuc 10-TpexkHeMy MoOHOTOoHeH. Temepb jnisi KaxJoro h=1, 2, ...
.omenum Hopmy ||| T ||, Jlnsi  ¢urcupoBanHOro A, IIPOH3BOJILHOTO
xeJ U 0= {igig, +o., im) ((1<ig<<: +<i,) paccMOTpuUM JBa BO3-
MOXHEIX Caydas: ‘ _ : -
1) cymecteyer Takoe 1< k< m, 4T0 ip < h<ipya;
2) i, < h 6o iy > h. ' _

TRE leﬂcnzsuplxilr H A> Herpyaso BHMJEThH, 4TO
i




‘B nepBoM cayuae

: . k=1 '
Po (T () = (—xe, — 50, + X (— %1, + %)%+
, j=1
| m—t
Oy )t X g — g =) +
A x|+ X | [y |+ [xa ) < P2 (0) + 81 x |2

Bo BTOpoM cayuae, Kak HeTpyaHO BHAeTh, p(T), (%)) = p?(x).. Creno-
BaTeJILHO, A/ Jio6oro x € J ' o '

ITa (1 = snp 22 (T (0) < sup p3 () + 81 [, =
=[x [+ 8I[ [,

Tak kak, ouesnmmo, [[x||>=|x|l;, TO Ana kaxmoro xecJ u h=
=1,2 ... umeem

NTaw e ITa@ P+ A}, - JxIB+81x I +Aflxls,
menE = IR ' T 1 T
_ ixlP-8hxl 811x Iy,
ST e L

T e R
IxiEFAjxif
<l+rog<(+2e)7

Takum obpasoM, |7l < 1+ 2e ansiBcex A=1,2 ... u B cuny
aeMMt 7. (L) << <U/5 -+ ¢ 1151 Kax10T0 COGCTBEHHONO HOANPOCTPAHCTEA |
TJ* . : -

XoTsl B €CTECTBEHHOH HOpMe NMPOCTPAHCTBO J H3OMETPHUHO CBOEMY
BTODOMY CONpSKEHHOMY, HO TaK Kak J HMeeT KOpa3sMepHOCTh |
B J** H3 Teopem 3 u 4 nosayuaem : : \

CnexctBue 6. Qaa awbozo ¢ >0 na J cywecmeyem maxas
BKEUBANCHMHAR HOPMA, 40 8 Hoeou nopme d(J, J**) > 2 —e.

OrmeTuM TakKe, UTO B’ eCTECTBEHHOH HopMe Ha J CyllecTByeT
IPOEKTOD eNHHHYHOH HOPMEI H3 J** Ha = (/). OnHako cupabepuBo
caeaymwolee :

Cnencrsue 7. [Jasa awbozo ¢ >0 ua J cywecmsyem maxas
axeusarenmuan nopma ||| « |||, «mo @ Hoeoi Hopme He cywecmsyem
npoekmopa us J** na = (J) ¢ nopmot || P|| < 2—e. ;

‘ HokasateabcTBO. Jaa 3apanHoro e >0 BBefeM Ha' J HOBYIO

: E
HOPMY KaK B Teopeme 4 (3aM6Hﬂﬂ TaM & Ha &' =7(1—:-_ET)

P —npoexrop uz J** Ha w(J) ¢ Hopmoit ||| P <2 —e. .
Torpa maa I' = F~1(0), rae F ¢ Ker P:

, ! 1 1
z r0) = > s =7 + &

Ilycts

AT
YTO NPOTHBOPEUHT Teopeme 4,



U, HakoHEl, OTMETHM, YTO; NMOXOGHO CJEACTBHIO 3, BHINOJHAETCA

CaenctBHe 8. Jas awbozo ¢ >0 Ha J cyujecmgyem makas
SKBUBAACHMHAA HOPMA, 4MO 8 Ho80d HOpMe Kaxdvli He Hamseu-
satouutl 6asuc J umeem HOPMY V(g =2 —e.
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YK 517.535.4
A. A. F'0JibIBEPT

K BOIPOCY O CBS3H MEXXAY JEPEKTOM H OTKJIOHEHUEM
MEPOMOP®HOA @ YHKUHUH

1. 3aech 6e3 MOACHeHHH MCNOJb3YIOTCSt CTAHAAPTHHIE 00O3HAUEHHH
HEBaH/MHHOBCKOH TEOpHH pacnpeleseHns sHauennid [1]. Kpome Toro,
uepe3 P(a, f) o6osHauaeM orkJoHeHHe MepomopdHOH B C (yHKUHH f

or 3Hauenus a ¢ C[2], T. e. .

.

a, f) = lim In+ M (r, a, f)

. P@n e TGh 7

rie M, o, ) =M(r, ), M(r, a, ) =M, I/(f—a), acC,

a uepes [(r, f)— seanunny I(r, f) =mes{p¢ [0, 2x]:|f(re?®)| > 1}.
B. I1. Ilerpenko, KOTOpHIil BlepBhle BBeJ BennuuHy P (a, f), AoKa-

3a/, 9TO 1A MepOMOPGHBIX (GYHKIHH KOHEYHOTO HIKHEro INopaaka

us A (a, f)=0 cnenyer, uto P(a,f)=0, H mocTaBuy .BONIpOC, HE .

6ymeT Ju aas sumnonueHus P (a, f) =0 pocratounpiM Goiee ciaGoe
ycaore d (a, f) =0 [2]. A. ®. I'psmnn [3] nan oTpuuaTe/IbHBIA OTBET
Ha 3TOT Bompoc: Aas Joboro p, 0 < p< o0 OH NOCTPOHJ NpHMep
MepoMopdHol YHKUMH f nopsAaKa @, y KOTopo# & (oo, f) =0, oaxako
B(co, f) >0. Koucrpykuus A. @. IpHuIHHA "IOBOIBHO CIOKHA,
N03TOMY 3jiech npuBefieH Gojee IpocToil mpuMep MepOMOPGHOH (QyHK-
MM C TEMH JKe CBOHCTBaMH, 4To M B mpuMepe A. @. I'pumuna. Kpome

TOTO, MOCTpOEH NpHMep Lesof (YHKUHH g Hopsamka .p, 1/2< p< oo,

AJIsl KOTOPOH BHINOJIHSIETCH
| lims @, g)=0. (1)
=+ oo W




